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Si r, 

S our private Correfpondence 
occafioned my Drawing up fe- 
veral of the following Papers, 
I thence claim a Sort ol a Right 
to addrefs them to You : But I well know 
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common Style of a Dedication would 
to You be highly offenfive; therefore all 
the Ufe I dare make of this Opportunity, 
is, to declare Myfelf to be. 


SIR, 


Tour moft Obliged y 


Humble Servant , 


Tho. Simpson. 




PREFACE. 


H E Reader, I prefume , will excufe me , if, 
inftead of acquainting him , in the ufual Way ; 
with the many weighty Reafons that induced 
me to publijh the following Sheets , / Jhall 
take up no more of his lime than to give 
a concife Account of the Nature and Ufe- 
fulnefs of the feveral Papers that compofe this Mifcellany, in 
the Order they are printed . 

The fir ft, then, is concerned in determining the Apparent 
Place of the Stars arifing from the progrejftve Motion of 
Light, and of the Earth in its Orbit > which, though it be a 
Matter of great Importance in Aftronomy, and allowed one of 
the finefi Difcoveries, yet had it not been fully and demonftra- 
tively treated of by any'Author, or indeed thrown into any 
Method of Prablice. Now, however, I muft not omit to ac¬ 
knowledge, that in the laft Volume oj the Memoirs oj the 
Royal Academy of Sci e n ce s, for the Tear 1737" 
a 
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PREFACE. 

lately publifhed at Paris, and brought hither a few Weeks 
fince , there is a Taper on this Subject by Monfieur Clairaut, 
a very eminent Mathematician of that Academy ; to which 
be fubjoins a Set of Practical Rules for the Aberration in 
Right- Afcenfion and Declination only $ wherein mojl of his 
Analogies are exactly the fame as thofe inferted in this Book, 
with which Dr. Bevis favoured me : For which Reafon I 
think it proper to afrure my Readers, that my Paper, toge¬ 
ther with the Doctor's Rules, were quite printed off, and in 
the Hands of feveral Friends, who defired them, before Chrift- 
mas 17^9. when the Severity of the Seafon interrupted for a 
confiderable Time the Impreffion of this Treatife. 

The fecond Paper, treats of the Motion of Bodies affeCted 
by Projectile and Centripetal Forces ; wherein the Invention 
of Orbits and the Motion of Apfides , with many others of 
the mojl confiderable Matters in the Firjl Book of Sir Ifaac 
Newton’* Principia, are fully and clearly invejligated. 

The Third, Jhews how , from the Mean Anomaly of a Pla¬ 
net given, to find its true Place in its Orbit, by three feveral 
Methods ; but what may beft recommend this Paper, is the 
Practical Rule in the annexed Scholium, which will , 1 hope, 
be found of Service. 

The Fourth, includes the Motion and Paths of ProjeCiiles 
in ref fling Mediums , in which not only the Equation of the 
Curve deferibed according to any Law of Denfity, Refiflance, 
ICc. but all the mojl important Matters, upon this Head , in 
the Second Book of the a, ove-named illuflrious Author, are 
determined in a new, eafy, and comprehenfive Manner . 

The Fifth, confiders the Refinances, Velocities, and Times of 
Vibration, of pendulous Bodies in Mediums . 

The 
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We Sixth, contains a new Method for the Solution of all 

Kinds of Algebraical Equations in Numbers-, -which , as it is 
more general than any hitherto given, cannot but be of conji- 

derable Ufe, though it perhaps may be objected, that the Me¬ 
thod of Fluxions, whereon it is founded, being a more exalted 
Branch of the Mathematicks, cannot be fo properly applied to 
i what belongs to common Algebra . 

<Tbe Seventh, relates to the Method of Increments-, which 
is illujlrated by Jome familiar and ufeful Examples. 

The Eighth, is a Jhort Inveftigation of a Theorem for fad¬ 
ing the Sum of a Series of Quantities by Means of their 
Differences. 

The Ninth , exhibits an eafy and general Way of Invefliga- 
ting the Sum of a recurring Series . 

Thcfe three lajl Tapers relate chiefly to the Inventions of 
Others : As they are all of Importance , and are required in 
other Parts of the Book , I could not well leave them entirely 
untouch'd j and if I Jhall be thought to have thrown any new 
Light upon them> that may benefit young Proficients , 1 have 
my End . 

The Tenth , comprehends a new and general Method for find¬ 
ing the Sum of any Scries of Powers wboje Roots are in 
Arithmetical Progreffion , which may be applied with equal 
Advantage to Series of other Kinds. 


The Eleventh , is concerned about Angular 
remarkable Properties oj the Circle . 


Se61 ions andfame 
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The Twelfth, includes an eafy an l expeditious Method of 
Reducing a Compound FraBion to Simple Ones ; the firfi 
Hints whereof 1 freely acknowledge to have received from 
Mr. Muller’* ingenious Treatife on Conic SeBions and Fluxions. 

The Thirteenth and lafi, containing a general Quadrature of 
Hyperbolical Curves, is a Problem remarkable enough, as well 
on account of its Difficulty, as its having exercifed the Skill of 
feveral great Mathematicians ; but as none of the Solutions hi¬ 
therto publifhed, tho’ fome of them are very elegant ones, extend 
farther than to particular Cafes, except that given in Phil. Tranf 
N 0- 417 . without Demonftration, I flatter myfelf that this 
which 1 have now offered, may claim an Acceptance, fince it 
is clearly invefligated by two different Methods, w'ithout re¬ 
ferring to what hath been done by Others, and the general 
ConflruBion rendered abundantly more fimple and fit for Prac 
tice than it there is. 
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ESSAYS 

On feveral Curious and Ufeful Subjects 
in Speculative and Mixt Mathe- 
maticks. 


Of the Apparent Places of the Fi x ed S t a r s, ariling 
from the Motion of Light y and the Motion of 
the Earth in its Orbit . 

PROPOSITION t 

If the Velocity of the Earth in its Orbit bears any fenfble Pro¬ 
portion to the Velocity of Light , every Star in the Heavens 
mujl appear dijiantfrom its true Place > and that by fo much 
the more y as the Ratio oj tbofe Velocities approaches jiearer to 
that of Equality . 


O R, if while the Line r 
Ml qq ^ defcribed by 

a Particle of Light 
coming from a Star 

-—in that Direction, the 

Eye of an Obferver at T be carry’d, 
by the Earth’s Motion, thro’ TG; }f 
and CT be a Tube made ufe of in - 

obferving ; and a Particle of Light, from the faid Star, be 

B j uft 
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juft entering at C the End of its Axis; then when the Eye is- 
arrived at v, the Tube will have acquired the Pofition v D‘ 
parallel to TC, and the faid Particle will be at the Point m 
where the Line CG interfetfs the Axis of the Tube;, becaufe 
CT:GC::Tv:Cw. Let now the Tube, by the Earth’s 
Motion, be brought into the Pofition E w, then becaufe 
GT : GC :: Tto : C», the Particle will be at n, and there¬ 
fore is ftill in the Axis of the Tube: Therefore when it en¬ 
ters the Eye at G, as it has all the Time been in the Axis of 
the Tube, it muft confequently appear to have come in the 
Diredtion thereof, or to make an Angle with T H, the Line 
that the Earth moves in, equal to CTH, which is different 
from what it really does, by the Angle GCT : Whence it is 
evident that, unlefs the Earth always moves in a Right Line 
direftly to or from a given Star (which is abfurd to fuppofe) 
that Star muft appear diftant from its true Place ; and the 
more fo, as the Velocity of the Earth (in refpedt 0 f that of 
Light) is increafed. And the fame muft neceffarily be the 
Cafe when the Obfervation is made by the naked Eye; for 
the Suppofition and Ufe of a Tube neither alters the real nor 
apparent Place of the Star, but only helps to a more eafv De- 
monftration, 


PROPOSITION II. 

To find the Path which a Star , thro' the aforefaid Caufe , ini 
one entire Annual Revolution of the Earth } appears to deferibe. 


L et atba be 

the Orbit of the 
Earth j S the Sun in one 
Focus; F the other Focus; \ 
T the Earth moving in its 
Orbit from A towards B ; 
DT»aTangentatTj and 
S D, F E Perpendiculars 
thereto: Let Q m K R 
be Part of an indefinite 
Plane parallel to that of 
the Ecliptick, pafling thro* 

R the Centre of the given ^ 
Star; and take T/z to TR, 
as the Velocity of the Earth 
in its Orbit at T, to that 
of a Particle of Light com¬ 
ing from the faid Star: Let 


\ v 


\\v. 





\\ 

H I 

■ Ji 


Tm be parallel to »R;P«V perpendicular to AB ; and QRK. 
parallel to P nV: Then from the foregoing Propofition it is 
mamfeft, that a Ray of Light coming from R to the Earth 
** , will appear as if it proceeded from m i where the Line 

F m > P rodu ced, interfeftsthe faid parallel Plane; and there- 
im e, r n CaU ^ C ^ m * s P ara lkl R»> and any Parallelogram, 
rpfiuJt J - nS tW ° parallel Planes, cuts them alike in every 
O R V Z CVident that Rwmuft be equal to T n, and 
** .? Y*D 5 wherefore fince D and P are equal to 
P 2 two. 
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two Right Angles, DSP and D«P muff be equal, alfo, to 
two Right Angles, and confequently QJRw (= V/zD) = 
D S P = A F E. But T n orRw, expreffing the Celerity of 
the Earth at T, is known to be inverfely as SD ; or, becaufc 
S D x F E is every where the fame, dircCtly as FE; wherefore 
the Angles A F E, QR m being every where equal, and R m in 
a conftant Proportion to FE, the Curve Q«K deferibed by 
m y the apparent Place of the Star in the faid parallel Plane, 
will, it is manifeft, be fimilar in all RefpeCts to AEB de¬ 
feribed by the Point E : But this Curve is known to be a Cir¬ 
cle} therefore Q«K muft likewife be a Circle, whofe Dia¬ 
meter Qjl K is divided by R, the true Place of the Star, in the 
fame Proportion as the Tranfverfe Axis of the Earth’s Orbit is 
divided by either of its Foci. Wherefore, forafmuch as a fmall 
Part of the circumjacent Heavens may, in this Cafe, be con- 
fidered as a Plane pafling perpendicular to a Line joining the 
Eye and Star, it follows from the Principles of Orthographic 
Projection, that the Star will be feen in the Heavens as de¬ 
ferring an Ellipfis, whofe Center (as the Excentricity of the 
Orbit is but fmall) nearly coincides with the true Place of 
the Star, except the faid Place be in the Pole or Plane of 
the Ecliptick ; in the former of which Cafes the Star will 
appear to deferibe a Circle, and in the latter an Arch of a 
great Circle of the Sphere, which by Reafon of its Small- 
nefs may be confidered as a Right Line. But thefe Conclu- 
fions will perhaps appear more plain from the next Propofition, 
where for the Sake of Eafe and Brevity, the Earth is con¬ 
sidered as moving in an Orbit perfectly circular, from which 
her real Orbit does not greatly differ. 


PRO- 
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PROPOSITION m. 

Having given , from Experiment , the Ratio of the Vdoc tty of 
Light to that of the Earth in its Orbit , and the true Places 
of the Sun and a Star; to find the apparent Place of the Star 
from thence arifing. 

ET ArQA 
be the Earth’s 
Orbit, confidered as 
a Circle ; S the Sun 
in the Center there¬ 
of ; r the Earth mo¬ 
ving about the fame Q 
from A towards 
re a Line, which 
being produced, (hall 
pafs thro’ the Eclip- 
tick Place of the given Star 5 A S parallel, and q r perpen¬ 
dicular, thereto : Let ef be perpendicular to the Plane of the 
Ecliptick, fo that rf being equal to Sr or Radius, re may 
be the Cofine of the Latitude of the given Star: This be¬ 
ing premifed, it is manifeft that the true Place of the Star, 
from the Earth, will be in the Dire&ion r/, and with Ref- 
pe<fl to the Ecliptick, in the Line re; therefore the Angle 
Sr* ( — QSr) being the Difference of Longitudes of the 
Sun and-Star, is given by the Queftion. Let rg , the Sine of 
the Supplement of this Angle, be denoted by b; its Cofine Sg, 
by c i the Sine of the given Latitude, orf *, by s ; and the Ra¬ 
dius S r, or fr, by Unity ; and while a Particle of Light is 
moving along fr y let the Earth be fuppofed to be carry’d in 
C its 
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its Orbit from r to p> over a Diftance fignified by r j and, 
pe> pf being drawn, make r n and nm perpendicular there¬ 
to : Then.bqcaufe of the exceeding Smallnefs of p r it may be 
confidered as a Right-Line; and we fhall have i (S r)\b 
(rg):: r (pr):r £(— P *) 5 and i : r :: c : r c r n) (by the 
Similarity of the Triangles prn , S rg) ; whence as I (fp,) to 
s (fe) fo is rb y to rbs = (nm) the Sine of the Angle nfm : 
But fince the Sine or Tangent of a very fmall Arch differs in- 
fenfibly from the Arch itfelf, thefe Values rc and rbs may 
be taken as the Meafures of the Angles rfn , and nfm: Hence 
we have, as the Semi-Periphery A r (^(=3.14159, &c.) to 

648000 (the Seconds in 180 Degrees,) fo is rc to 648000 re 

3.14159, & c . 

(the Number of Seconds in the Angle rfn)) and as 3.14159 

&c .: 648000 :: rsb: ^ 1+ , 59>c ^ f = njm : Therefore, as 

the Earth moves from r to p while a Particle of Light is de¬ 
ferring f r, it is manifeft from the aforefaid Propofition, 
that the Star will appear removed from the great Circle 
paffing through its true Place, and the Pole of the Eclip- 

tick ty 3 i 4 i 59 ,cjc. Seconds; and to have its Latitude in<- 
ereafed by Seconds. ^E.l. 
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H ENCE if C be the true Place of the Star, SCF its 
Parallel of Latitude; and about C, as a Centre, the EI- 
lipfis F P S T F, and Circle FHSOFbe defcribed fo, that 

FC may be and TC, the Semi -Conjugate 

Axis, in proportion thereto, as s to i; and if the Angle S C H 
be taken equal to the Difference of Longitudes of the Sun an 
Star; then in the Point P, where the elliptical Periphery is 
interfered by the Right Line H QMing perpendicularly on 
FS, the Star will appear to be pofited. For as i (Radius) - 
(Sine of QCH,:: CH :.4 xCH=HQj but by the Rela¬ 
tion of the two Curves, C H : C T :: b x C H (=H ^ ^ 

, . 6i8ooo r L 64800° r ,b - 

that is, by Conftrudtion, t: f :: , ,,,,a J7 . x ’'■ 3 >4*S9>^ C - 

=PQj 


C 2 





648000 


PQi again as 1 (Radius): c (the Cofine of QCH); 


(=ch;: 


/480OO 


=C which Exprefllons 


3.14159,C5e-- V V " X V* 3.14159 ,tsfc _ 

are tlx? very fame as thofe above determined. 

C O R O L. II. 

T HEREFORE it follows, that while the Sun appears 
to purfue his Courfe thro’ the Ecliptick, the Star will 
be feen as moving from F towards L and S, and fo on, ’till 
it hath defcribed the whole elliptical Periphery FLSTF; 
that itsXatitude will be the the Ieafl at T; and its apparent 
Longitude the greatefl poffible, when the Angle SCH 
lhewing the Diftance of the Sun and Star in the Ecliptick, fe 
equal to two right ones. It alfo follows, that the greater 
Axis of the Ellipfes, which all Stars appear to defcribe, are 
equal, and found by Obfervation to amount to 40 \ Se¬ 
conds of a great Circle, very nearly; the Term 20", 25 which 
frequently occurs in the pradical Rules hereto annext, being 
put for the half thereof. It follows moreover, that the greateft 
Aberrations, or Maxima , in Longitude, will be as the Cofines 
of the Latitudes inverfely ; and the Maxima in Latitude, as 
the Sines of the fame Latitudes directly. 

C O R O L. III. 

H ENCE may alfo be found the Stars apparent Right 
Afcenfion and Declination j for let E C P be the Pa¬ 
rallel of the Stars Declination, P the apparent Place of the 
Star when in that Parallel; make C A perpendicular to CH, 
ABD to SF, and BE to PC; and let HK, or the Angle 
HCK be any Diilance gone over by the Earth in the Eclip¬ 
tick, while the Star by its apparent Motion moves thro’ the 
xerrefponding Diftance PL : Let K mnQ be parallel to HC 

and 
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and Lrv to PC : Then, forafmuch as KL is parallel to HP, 
the Triangles GKL, CHP muft be equiangular, and there¬ 
fore G L : C P :: K L: H P j but KL is to HP, as L I to 
QP, by the Property of the Curve ; whence it will be G L : 
C P :: L I: QP : Wherefore, the Sides G L, I L, C P, QP 
about the equal Angles G L I, CP Q^being proportional, the 
Triangles GLI, C P Q^jnuft be fimilar, and therefore the 
Angle GI L a right one, and confequently the Right Line 
S F the Locus of the Point G. Therefore, as the Angles 
r, v are all given, or continue invariable, let the Angle 
S C K, or the ecliptick Diftance of the Sun and Star be what 
it will, the Ratio of C m to C G will always be given j hut 
the Ratio of C G to C r is given ; therefore the Ratio of C m 
to C r is likewife given : Hence, becaufe r v is parallel to 
C E, the Ratio of C m to E v will be given. But E v is the 
Difference of the true and apparent Declinations j and C 
as the Sine of the Angle HCK: Whence it is manifefi, that 
the Aberration of Declination, at any Time, is as the Sine of 
the Sun’s Elongation from either of the two Points wherein he 
is, when the true and apparent Declinations are the fame; 
and therefore C m will be to Ev, or A C to E B, the greateft 
Aberration, as QJrl to F that is, as the Sine of H C F to 
the Sine of P C Q^ But PC Q, being equal to the Angle of 
Pofition, is given, whofe Tangent, it is obvious, is to the 
Tangent of H C F, as Qj> to QJI, or as C T to C O, or 
laftly, (by Conftrudtion) as the Sine of the Star’s Latitude to 
Radius: Hence the Angle HCF is given, from which, by 
Help of the foregoing Theorem or Proportion, the required 
Aberration of Declination at any Time, and in any Cafe, may 
be readily obtained. 

In like manner other Proportions may be derived for find¬ 
ing the Aberration of Right Afcenfion j it being eafy to prove 
that it will be as the Sine of the Sun’s Elongation from where 

D he 
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he is when the true and apparent right Afcenfions are the 
fame ; but the Method of Demonftration being the fame as 
above, it will be needlefs to repeat it. . 

I {hall therefore now proceed to illuftrate the foregoing Doc¬ 
trine by the practical Solutions of the feveral Problems depend¬ 
ing thereon, as they were drawn up and communicated by 
Dr JohnBevis , with fuitable Examples of feveral Stars, which, 
among many others, He has carefully obferved with proper 
Inftruments, and thereby, the firft of any one that I know 
of, experimentally prov’d, that the Phenomena are umver- 
fally as conformable to the Hypothefis in Right Afcenfions, as 
the Rev. Mr. Bradley , to whom we owe this great DifecVSrjy 
had before found them to be in Declinations, 
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PRACTICAL RULES 

For Finding the 

ABERRATIONS 

O F T H E 

FIXT STARS 

FROM 

The Motion of Light, and of the Earth 
in its Orbit, 

I N 

Longitude, Latitude, Declination, and Right 
Afcenfion. 


SYMBOLS. 

A, the Aberration at any given Time. 

M, thegreateft Aberration, or Maximum. i d 

O, the Sun’s Place in the Ediptick when the Star’s Apparent Longitude, Lantu e ; 
Declination, or Right Afcenfion, being the fame as die True, tends to Excel • 

the Star’s Angle of Pofition. # <*f © 1 

Z, the Sun’s Elongation from its neareft Syxygy with the Star, at the Time 0 

For 


For the Abberration in Longitude. 

Q is always 3 Signs after the Star’s true Place in the Ecliptick. 


P R O B. I. To find M. 

R V L E. 

Star's Latit. •. Rad. f: 20 ", 25 : M. 

Example in y Urfe minoris. 
OPERATION. 

Log. Cof. Ar. Con. Star’s Latit. 75 0 13' - — 

■+ Log- 20", 25-—- 

= Log. M 70" 36 --- 


°- 59 ^ 

1.3064 

1 J*99<S 


P R O B. II. To find A. 

RULE. 

Rad. : Sin. Sun’s Elongat. from Q :: M : A. 

Example in the fame Star. 
OPERATION. 

Log. Sin. Sun’s Elongat. from Q 6o° 00'_ 

+ Log. M 79",36 --- 

— Log. Sin. Rad. —Log. A 68",72-- 

Otherwife, without M. 
RULE. 

Cof. Star's. Latit. : Sin. Sun’s Elongat. from O :: 20", 25 : A. 

Same Example as before. 
OPERATION. 

Log. Cof. Ar. Com. Star’s Latit. 75 0 13' . _ 

-f- Log. Sin. Sun’s Elongat. from Q 60 0 00 7 — ■ ..._ 

-j- Log. 20",25--..- 

— Log. Sin. Rad . = Log. A 


- 9 93 75 

- 1.8996 

•^• 837 , 


’ ° S93* 

- 9.9375 

~ >-3064 
■n.8371 


For 
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For the Aberration in Latitude. 

O is always at the Sun’s Oppofition to the Star. 

PROS. I. To find M. 

RULE. 

Rad. : Sin. Star’s Latit. : : 2o",25 : M. 

Example yin I/r/fe minoris. 
OPERATION. 

Log. Sin. Star’s Latit. 75 ° 13'-■. - 

+ Log. 20", 25 —--- 

— Log. Sin. Rad. =2 Log. M. 19",58 —_ 


9 - 985 * 

1.3064 


XI. 2918 


P R O B. II. To find A. 


RULE. 

Rad. : Sin. Sun’s Elongat. from O : : M : A. 

Example in the fame Star. 
OPERATION. 

Log. Sin. Sun’s Elongat. from O 6o° 00 / ■ - 


+ Log. M 19", 5 8 

Log. Sin. Rad. — Log. A 16'',96 — - ■ . . 

Otherwife, without M. 

RULE. 

Rad 1 - : Sin. Star’s Latit. X Sin. Sun’s Elongat. from O : : 20",25 

Same Example as before. 
OPERATION. 

L°g. Sin. Star’s Latit. 75 0 13' 


+ Log. Sin. Sun’s Elongat. from © 6o° 1 
1 Log. 20", 2 5 ---__- 


— 2 Log. Sin. Rad. = Log. A 16",96 - 


1 9 9375 

- 1.2918 


-21,2293 


A. 


- 9 9854 

• 9-9375 
1.3064 


E 


—21,2293 
Otherwife, 
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Otherwife, 

RULE. 

Cofee. Star’s Latit. : Sin. Sun’s Elongat. from O ‘‘ 20", 2 5 

Same Example as before. 
OPERATION. 

Log. Ccfec. Jr. Com. Star’s Latit. 75 0 13'--- 

+ Log. Sin. Sun’s Elongat. from ©66° 00' -—- 

+ Log. 20",25- 

= Log. A i6"96--- 


89.9554 

9 - 937 ? 
■ 1.3064 

* *-2293. 


For /£/ Aberration in Declination. 


P R O B. I. To find o. 

RULE. 

Sin. Star’s Latit. : Rad. : : Tang. P. : Tang. Z. 

Then, if the Star (in refpeft of that Pole of the Equator which is of the fame 
Denomination as the Star’s Latitude) be in a Sign. 

1. Afcending, and P be acute, Z taken from the oppcfite to its true Place, 
gives O, 

2. Afcending, and P be obtufe, Z added to its true Place, gives q , 

3. Defending, and P be acute, Z added to the oppofite to its true Place. 

gives 0, 

4. Defcending, and P be obtufe, Z taken from its true Place, gives Q, 
provided, that its Declination and Latitude be both North, or both South : But 
if one be North, and the other South, then for its true Place, read oppofite to its true 
Place, and vice verfa. 


Example of Cafe I. in the Pole Star. 
OPERATION. 

Log. Taeg. P 75° 21 7 (acute; -|- Log. Sin. Rad. --- 

— Log. Sin. Star's Latit. 66° 04' North. --- 

= Log. Tang. Z 76° 34'--— 


■20.5827 
• 99609 

10.6218 


Therefore the Star’s Declin. and Latit. being both N. its Place ) 

(ifcehding) -f 6 Signs - - -24* 55 ' 

— Z 2 16 34 


= O 


6 08 21 


Exam- 


Example of Cafe II. in « Draconis. 

OPERATION. 

Log. rang. P 93° 50' (obtufe) -f Log. Sin. Rad 
— Log. Sin. Star’s Latit. 79 0 28' (North) 

= Log. rang. Z 86° 14' 1 ‘ 

Therefore the Star’s Decl. and Latit. being both North, its true 

Place (afcending)-—-- 

- -- 


Example of Cafe III. « Vrfa majorir. 

OPERATION. 

Log. rang. P 38° 36' (acute) + Log. Sin. Rad. 

— Log. Sin. Star’s Latit. 54 0 25' (North)- 

=: Log. Tang. Z44* 2 9 * * 


•21.1739 

99926 



• 3 2 


■t 26 


— 19.9022 
-- 9.9102 


- 9 99 2 ° 

Therefore, the Star’s -Decl. and Latit. being both North,, its Place 7 , 4 ' 

(descending) + 6 Signs-— _~, , 4 zg 


+ Z 
= O 


07 43 


Example of Cafe IV. in y Urfe minor'll 
OPERATION. 

Log. rang. P 94 0 48' (obtufe) Log. Sin. Rad. - 

— Log. Sin. Star’s Latit. 75 0 13' (North)—————— 

= Log. rang. Z 85 0 22'-— ” 

Therefore, the Star’s Decl. and Latit. being both North, its true 7 
Place (defending)-—— -' 

— Z ----- 


-21.0759 
- 9 -<l 3 54 
—11.0905 


= O ■ 


4 s *7° 5° 
2 25 22 

1 22 28 


In each of thefe four Examples, the Declination and Latitude »"****£* 
Denomination; it may fuffice to give one where they ate of contrary Denomination . 


Example ot Cafe III. in Aldtharan . 
OPERATION. 


Log. Tang. P 9 ° 40' (acute) Log. Sin. Rad.~ 

•— Lo?. S™ Shin’e I .or it ' (iiniitlil —- 


— Log. Sin. Star’s Latit. 5 0 30' (South)- 
!= Log. Tang. Z 6o° 38' 


•19.2313 

. 8.9815 


—10.2.498 
Therefore, 


( *6 ) 

Therefore, Star’s Decl. being North, and its Latit. South, its 7 , 

■Place (defending to S. Pole)-.- ] 2 °° °7 

-f- Z--—- - oo 38 


= O 


4 °6 45 # 


P R O B. II. To find M. 

RULE. 

Sin. Z : Sin. P :: 20", 2 5 : M. 

Example in y Urfce minoris. 
OPERATION. 


Log. $«r. Z ^r. Cow. 8;° 22'-: - —-—— 0.0014 

+ Log. Sin. P 94 0 48'-9.998c 

+ Log . ---,.3064 


Log. Sin. Rad. = Log. M 2o",24-—-—■-- - n .3063 


P R O B. m. To find A. 

JR U L E. 

Rad. : Sin. Sun’s Elongat. from Q :: M : A. 

Example in v Urfie majoris. 
OPERATION. 

Log. Sin. Sun’s Elongat. from O 75 0 31 '- 

-f- Log. M i8",o4 -,-- .. ----- 

— Log. Sin. Rad. r= Log. A 17",46 . . ■ ■ 

Otherwife, without M. 

RULE. 

Rad. X Sin. Z : Sin. Sun’s Elongat. from O X Sin. P :: 20",25 
Same Example as before. 
OPERATION. 

Log- Sin. Sun’s Elongat. from O 75 0 31' ■■■ 

+ Log. Sin. P 38 0 36'- — 

-f- Log. Sin. Ar. Com. Z 44* 29'— ■ — - 

+ L °g- 20 "* 2 S--—--- 


■ 9.9860 
• 1.2560 

11.2420 


99860 

9 - 975 * 

°-*545 

1.3064 


-21.2420 

For 


— 2 Log. Sin. Rad. == Log. A 17",46 


For the Aberration in Right Ascension. 

P R O B. I. To fnd o. 

RULE. 

Sin. Star’s Latit. : Rad. :: Co tang. P. : Tang. Z. 

Then, if the Star (in refpeft of that Pole of the Equator which is of the fame 
Denomination as the Star’s Latitude) be in a Sign 

1. Afcending, and P be acute, Z added to its true Place, gives Q . 

2. Afcending, and P be obtufe, Z taken from its true Place, gives O • 

3- Defcending, and P be acute, Z taken from the oppofite to its true Place, 
gives o. 

4 - Defcending, and P be obtufe, Z added to the oppofite to its true Place 

gives o- ' 

Example of Cafe I. in Sirius 

OPERATION. 

Log. Sin. Ar. Com. Star’s Latit. 39 0 32' (South.)- ■ . - 0.1962 

+ Log. Cotang. P 4 0 18' (acute;- — 11.1238 

= Lo S- 7 an g- Z 87° 16'-11.3200 

Therefore the Star’s true Place (afcending) — 3* 10 0 vy 

+ Z ---- 27 16 


60 7 45 


Example of Cafe II. in 1 Draconis. 
OPERATION. 

Log. Sin. Ar. Com. Star’s Latit. 79 0 28' (North) - 

+ Log. Cotang. P 93 0 50' (obtufe) —- - 

= Log. Tang. Z 3 0 54'-■ ■ -- 

Therefore the Star’s true Place (afcending) - — - - 


- 8.8335 

o s 29 0 12 ^ 
o 03 54 


( i8 ) 


Example of Cafe III. y Dracoitis. 


OPERATION. . 

Log. Sin. Ar. Com. Star’s Latit. 74 0 28 ' (North)— 
-f- Log. Cotang . P 3 0 36' (acute.) — ■ - 

— Log. Tang . Z 86 0 32 '____ 


Therefore, the Star’s true Place (defcending) -f 6 Signs - 

— Z------ 


= o - 


Example of Cafe IV. in y Urfe minorit. 
OPERATION. 

‘Log. Sin. Ar. Com. Star’s Latit. 75 0 13 ' (North) 

+ Log. Cotang. P 94 0 48' (obtufe) —_____ 

= Log. Tang. Z 4 0 58'---- 

Therefore, the Star’s true Place (defcending) -f 6 Signs- 


= O 


—— O.0162 
- 11.2012. 

-11.2174 

8 s 24 0 23* 
• 2 26 32 

•n 27 5* 


- 0.0146 

- 8-9241 

- 8.9387 

10 s 17 0 50' 
■ o 04 58 

•10 22 48 


P R O B. II. ft find M. 

RULE. 

Cof Star’s Decl, X Sin. Z : Cof. P X Rad. : 2o",25 : M. 

Example in the Pole Star. 


OPERATION. 

Log. Cof. Ar. Com. Decl. 87° 55' — — - - -— 

Log. Sin. Ar. Com. Z T$° 58 '- 

4 - Log. Cof. P..——___ 

4 " Log. zo",25--—-- 

— L°g- Sin. Red. = Log. M. 312", 16 = 8'. 3.2",16- 


* * 439 ? 

- 0.5605 

- 9.4030 

- i- 3 c 64 

'.12.7094 


PROB. 




( '9 



PROB. III. To find A. 


RULE. 


Rad. : Sin. Son’s Elongat. from O :: M : A. 

Example in Lucida Aquil<e. 

OPERATION. 

Log. Sin. Sun’s Elongat. from O 65° 24'- 

-f Log. M 2 o",i8 -■--- 

— Log. Sin. Rad. == Log. A 18", 34 ■■■ ■ 1 — — 


■ 9-9587 
- 13049 

11.2636 


Otherwife, without M. 

* rule. 

Co/. Star's Decl. X Sim. Z : Sin. Sun's Elongat. from O X Co/ P : : 20",*5 : A. 
Same Example. 

OPERATION.. 


Log. Sin. Sun’s Elongat. from O 65° 24' “ 9 95 * 

+ Log. Co/. Ar. Com. Star’s Decl. 8° --0.0045 

-j- Log. Sin. Ar. Com. Z 84° 36'----- O.OOI9 

+ Log. Co/. P io° 55'---9-992* 

+ Log. 20", 2 5 --- — ■ 1 1 -3064 


— 2 Log. Rad. zz Log. A 18", 3 4 


■2i .2636 


( 20 ) 


General Notes. 

I. That the Rules give the Values of A and M, always in Seconds of a Degree 

* A ThZt ^ hCS r' S r™ bein that Semicircle °f the Ecliptic which precedes 
!?' a 7 < Z ff0m thC Star ’ S TrUC Lon § itude ’ Latitude. Declination or 

lew, G Tin b 0 ead e L' ,,eAPParenU ^ ^ ^ “^Vol- 

**&££?!£ ££* of thc Sou,h Pole - anJ Def “ ndi "« * 

4. That a Star may be fo pofited, that the fmall Ellipfe which it an 1 



Of 




Of the MOTION a?td ORBITS of Bodies 
affe&ed with Proje&ile and Centripetal Forces. 


PROPOSITION I. 

A Body being let go from P, at a given Diftance PS, from S, 
the Center of Force , in a given Direction P B, with a given 
Vdocity ; To find the Conic Sett ion it will defieri be, and the 
Periodic Time , in cafe it returns , the Law of Centripe¬ 
tal Force being as the Square of the Dijlance inverfely , and 
the abfolute Force given. 

L ET ASF be the 
greater Axis of 
the Section, OCDthe 
lefler, and H the up¬ 
per Focus. SuppofeSR 
indefinitely near SP, 
and the Area AS m 
equal to the Area PS 
R 5 draw S B and H 
O perpendicular to 
the given Tangent 
B P G , and R t 
and mn to S P and 
A F refpedtively: Let r be the Diftance that a Body would 
freely defeend in any given Time, m, by an uniform Force, 
equal to that affedting the Projedtile at any given Diftance 
T (b) from the Centre, and let v be the Space that the 
Body would uniformly deicribe with the given Velocity 
at P, in the fame Time: Call A F, a ; O D, e ; the Latus 
G Redtum, 


o 

/ / 

.^ 


V 

f .5) 

C H 




T) 
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Return, or e -^ y R; SP, d; PR,^ the Periodic Time, P„ 
and the Sine of S P B, to the Radius i,.j : Then it will be as 
= whence s ^i (= R t x will exprefs 
either of the infinitely fmall equal Areas PSR, »;SA: And 
it will be as v : m : .r.v ; : ^ the Time of the Projetfile’s- 

mqving thro’ P R, or that of its defcribing either of the 
faid Areas by Radii drawn to the Centre of Force: Where¬ 
fore, the Diftances which Bodies freely defcend by uniform 
Forces, being as the Squares of the Times, we have, as m 1 : 

r " ^ the Square of that Time, to tire Diftance 

a Body would freely defcend from the Point T in the fame 

Time; but as A S 2 : b ' (S T 2 ): : : ... A 

K o^Xas"*- An > the 

Diftance it would freely defcend from the Point A in that 

T.mej that is, in the Time the Projedile is defcribing 

Am: Hence, becaufe ^ the Area of the Triangle AS m, 

divided by 1 A S, is =Am. we have — R 

y AS An ~ IV >- 

fince ^nr * in the ultimate Ratio, or when An is indefinitely 

fmall, will be = the Latus Redtum, let the Curve A P F be 
what it will. Furthermore, fince S P -f P H is = a, or A F 
and the Angle SPB r^H PG by the Property of the Curve, it 
will be as i : s :: d : sd = S B, and as i : s z: a d: sx a 
-^HG; but by another Property, B S x H G is = O C * 

or ssxad— dd—LL 5 whence by fubftituting this Value of — 

4 4 * 

in the other Equation (= R) we get a = 

4 r b b 

and 


( 23 ) 

and therefore e = — / ~ =: ~ and PH = 

b^r l ~ 4 Tn b ^ r x ~^bb 

~d y from which, as the Angle H P G is given, the Focus 
H is given likewife $ whence the Orbit may be readily con- 

d 

ftruaed, it being, when d w is pofitive, an Ellipfis, when 

4 r b b 

infinite, a Parabola, and when negative, an Hyperbola ; 

wherefore, unlefs be affirmative, or greater than 

‘U'u, the Projedile can never return. Now, therefore, putting 
p for the Area of a Circle whofe Diameter is Unity, and 

fuppofing 4 1 greater than vv, the Area of the whole 


Curve, (being an Ellipfe,) will be j4l equal 

to l = fae)i but as the Area ill is to ZZ the 

Time of its Defcription, fo is the Area of the whole Ellip- 

- ~d —11 

t0 X al or Hi x -= P> the Time of one 

' /r b '/ r '~^r\ 

intire Revolution. ^ E. 1. 


C O R O L. I. 


E C A U S E j the Square of the Time of de¬ 

ferring the Area RS P, is to * . , the Square 
of that Area, as (i) the Square of a conftant Particle of 
Time to ~~f~ the Square of the Area deferibed in 

this laft Time, it is evident that the Square laft named will 

be 
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be to the Latus Return as rb x ; m 1 which 

Proportion being conftant in all Cafes- relating to the fame 
Center, it follows, that the principal Latera Redta of the 
Orbits of different Bodies, about a common Centre of Force, 
are direftly as the Squares of the Areas defcribed by the re- 
ifpedtive Bodies, in the fame Time. 

C O R O L. II. 

’’^JOREOVER, fince B S is — s d, and R^ll^ we 

have ST = & and ••• U htov ‘ in the conftant 

Ratio of i, to : Hence it appears, that the Velocities 

are, univerfally, in the fubduplicate Ratio of the Parameters 
diredtly, and the Perpendiculars falling from the Center of 
Force on Tangents to the Places of the Bodies, inverlely, and 
therefore, in the fame Orbit, the Velocity will be, barely, 
in the inverfe Ratio of the Perpendiculars fo falling. 

C O R O L, III. 

C in CE Pis = ^rXal, or, in a conftant Propor- 

_ tion > t0 ai , let v, s, and d, be what they will; 
it follows, that the Periodic Times, about the fame Center 
of Force, whether in Circles or Ellipfes, will be in the 
felquiplicate Ratio of the principal Axes. 


COROL, 


C z 5 ) 

C O R 0 L. IV. 

B ECAUSE neither the Values of a nor P are affeded by 
Sj it follows, that the principal Axis, and the Periodic 
Time will be the fame, if the Velocity at P be the fame, let 
the Diredion of the Projedile at that Point be what it will. 


C O R O L. V. 

W HEN (=*) is = 2 d y or, which is the fame, 

4 r b o 

when v = j then d being the mean Diftance or Semi- 
Tranfverfe, the Point P will fall in one Extreme of the Con*- 


jugate Axis, and b JI1 3 the Velocity there, will be juft fuf- 

ficient to retain a Body in a Circular Orbit at that Diftance 
(d) from the Center of Force j and this Velocity, in refped 
of different Orbits, will,, it is obvious, be inverfely as the 
Square Roots of the mean Diftances: Wherefore the Velocities 
Bodies in Circular Orbits about a common Centre, are reci** 
procally in the fubduplicate Ratio of the Radii. 


C O R O L. VI. 

JF v be= bS±L> or the Square of the Velocity be juft twice 

as great as that whereby the Projedile might defcribe a circu¬ 
lar Orbit at its own Diftance from the Center of Force ( Cor .V.) 
then a, the Tranfverfe, becoming infinite, the Ellipfe degene¬ 
rates into a Parabola, whofe principal Latus Rettum is 4 dss-, 
whence it appears, that the Velocity of a Body moving in a Pa¬ 
rabola is inverfely as the Square Root of its Diftance from the 
Centre of Force, and that it will be, every where, to the Ve- 
H locity 
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locity that might carry the Proje&ile in a circular Orbit, at 
its own Diftance from the Centre, as the Square Root of two, 
to one. 

C O R O L. VII. 

^ UT if be greater than b J±f , the TrajeSory will 
be an Hyperbola, whofe principal Axis is t (=—a) as 

4 rbb 

has been before intimated, and therefore e (= will 

he s/dl^^^rbb ' ** ence > from Nature of the Hyper¬ 
bola, if R be aflumed for Radius, R * — *rbb 

Zrbb 

W 1H he the Tangent of the Angle which the A- 

fymptote makes with the Axis, or the Supplement to i8o° 
of the utmoft Elongation the Projectile can poffibly have 
from the loweft Point of its Orbit. 


PROP. 
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PROPOSITION II. 

A Body is let go from P, at a given Dijlance P C jrom C 
the Centre of Force , in a given Direction P b, with a gi¬ 
ven Celerity ; To find its Trajectory ? the centripetal Force 
being as any Power (« ) of the Dijlance , and the abjolute 
Force at P given . 

I E T R be a Point 
-J in the required 
Trajectory, and r ano¬ 
ther indefinitely near it; 
and with the Centre C, 
let the Circular Arches 
P ef RU, v nr t be 
defcribed, and having 
drawn CR;, C rf &c. 
let CP = *, CR ( = C 
V)=x, P e = A, R n 
(= U v) - x , r n —y,Rr 

= *, and s= the Sine 
of the Angle CP^ to 
the Radius i ; and let 
P b ( m ) be the Space 
that might be defcribed in ( i ) a given Particle of Time 
with the given Celerity ; and r the Diftance a Body 
would freely defcend in that Time, by an uniform Force 
e qual to that affecting the ProjeCtile at P : Then the Space 
w ich would be uniformly defcribed in that fame Time, with 
t e Celerity acquired by defcending thro* the laid Diftance r, 
it is well known, will be equal to z r. But, from hence 

to 
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to find the Celerity at R, with the fame Velocity that the 
given Projedlile is let go from P, towards b, let another pro¬ 
ceed from the fame Point, in a Right-Line palling diredly 
thro’ the Center of Force ; and let the Celerity at U, or the 
Space that would be uniformly delcribed therewith in x, 
the abovefaid Particle of Time, be denoted by v : Then, as 
a”, the Centripetal Force at P, is to that atU, fo is ar, 
the Velocity that might be generated by the former in the 


given Particle of Time, to that which would be gene- 
nerated by the latter in the fame Time : Wherefore, as i, 
that Time, to ~ > fo is £, the Time of defcribing Ut>, 
to v, the Velocity acquired in this Time: Whence, by mul¬ 
tiplying Means and Extremes, &c. we get v v — 2 ' v " A , and 


therefore vv --—- _j_ f orae CO nftant Quantity d j which 

K-f-l 

to determine, let U coincide with P, x be = a, and 


v=m y and the Equation becomes — -- 2rfl4 ' . j. 

2 Xa» T '* 

hence d=— 4 . ; which Value being fubftituted above. 


we fliall have — = — + — 

2 2 


5 and therefore U 

»+i X* n 


- f — 


" + 1 f 




*+iX**l 


But this is likewife the Celerity of 


the firft Proje&ile at R: For fmce both Bodies have the fame 
Velocity at P, their Velocities, at all equal Diftances from the 


Centre mull be equal j and therefore </. ± ra _ * rx _ 

" r "+ I 




its Equal + »» will confequently be the Time of the 

faid given Projectiles moving thro’ R r , or of defcribing the 

the Area ^ = RCr, by Radii drawn to the Centre of Force : 
2 

Wherefore, fince is the Area of the little Triangle PC^ that 

might be uniformly defcribed in, i, the given Particle of Time, 
with the Velocity at P ; and, becaufe the Areas are as the 

Times, it will be, as to i (the faid Time), fo is ^ » to 




L: Hence we get y = y ., ~ > or > 

° s/a v —m s a“ 


s/m'x' 4^- - * W - - - 

« 4 1 »4 i X <8! 


4rX «43 , by fubftituting inftead of 


v\ its known Value, as above found. But as Cr, is to rn. 


” c/(=«)•• = A ^ 5 

"+ 1 «4ix«” 

whofe Fluent Pe is theMeafure of the angular Motion ; from 
which, when found, the Orbit may readily be conftruaed; 
becaufe, when Pe, or the Angle PCR, is given, as well as 
CR, the Pofition of the Point R is alfo given : But this Value 
of A is indeed too much compounded to admit of a Fluent in 
general Terms, or even by the Quadrature of the Come Sec¬ 
tions, except in certain particular Cafes, as where n is equal to 

I, _ 2) _ or _5, or the Law of centripetal Force, as 

the firft Power of the Diftance direftly, or the 2 d , 3 d , or 
5' h Powers thereof inverfely j therefore, in other Cafes, can 
only he had by infinite Series, &c. or Curves of a fuperior 
Order. E. /. 


I 


C O R O L. 
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C O R O L. J; 

I F, inftead of the abfolute Celerity of the Proje&ile at P, 
the Ratio thereof to that which it fhould have to de- 
icnbe the Circle P e, be given, as p to i, and not only the 
iame Thing, but the Ratio between the Celerity at any o- 
ther Didance CR, and that which a Body mud have to de- 
icribe a circular Orbit at that Diftance, be required : It 
will be, as a the centripetal Force at P, to that at 
R or U) , fo is r, the Diftance a Body would freely defcend 
by the former of thefe Forces in i, the given Particle of 

Time, to r ~ that which it would defcend by the latter in 


the fame Time: Therefore, if Ur be taken equal to 

and st be made perpendicular to AC, it is manifeft, that 
U t ■, being indefinitely fmall , will be the Diftance 
which a Body muft move over in the aforefaid Particle 
of Time, to deferibe the Circle U R : But Ut, by the Pro¬ 
perty of the Circle, is in that Circumftance = /?}*"+ 1 

V ~a n * 

wherefore we have, as ✓*-^±1, to v, or i ts Equal, 

( above found) , fo is the Velocity a Bo¬ 
dy muft have to deferibe that Circle, to that with which 
the given Projectile arrives at R : Therefore, when * is = a , 

and R coincides with P, the Proportion of t0 

y- w _l, a ” 

— , which there is as —i ♦ 

*+» »+ix« n ' vzrr?, to W) is 

given as i, to p, by Suppofition; whence, multiplying Ex- 


tremes 
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tremes and Means, we get m-p^rai which being fub- 
ftituted inftead of m , in the Value of v , it will become 
r -- 

s/ zp' ra\±Ll 
n-fi 


x w- f“ 1 


-or p*-{ —-_L_ v _ 

"i* 1 *+i 


XirJ 




rt*+! ?1 


therefore this divided byVi-lf*'"*’ 1 is*/** -J_L. v a "~ ri 2 ' 

^ «-f-i A at»+ i 

for the Ratio that was to be found. And, in like man¬ 
ner, by fubftituting for m in the Value of A, we get 


s p a a x 


*V/> l -f--4-X* 4 —p 4 * 4 * 1 - — ' for the other Quantity 

* + i 

required. 


C O R O L. II. 

H ENGE, if the Angle CP£ be fuppofed to be dL 

miniflied in infinitum , and p % -J—--i- v * * ^ t 1 

,__ / "+ 1 *+ ! + 

Xu " ! ’ thefaid Value of u, be] taken = o, we /hall have 

* = W x »+7+7l4t' x a , (= C A) the Height to which 
e -^°Qy would afeend, if projected dire&ly upwards j there- 

fore, ^ 7 x"«+l + i| ”+* x <7 — a = A P, is the Diftance 
1 t muft freely defeend to acquire the given Velocity; • 
which Diftance, therefore, with an uniform Centripetal Force, 

where ;2=c, will be =zt?S - and with a Force inverfely, as 
A* 5 Square of the Diftance, = 2 tL. But when/is 
the Velocity of the Projedile at P is juft fufficient 

to 
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to retain a Body in the circular Orbit P«r, AP then becomes 

i±j + xa — a-, which in the faid two Cafes, will be i a, 
and a relpedtively; but infinite when «is=- 3 . 


C O R O L. Ilf. 


8 +1 is a pofitive N umber, the Velocity 
v/ 2 raxp - — x , at the Centre C, 
wherex becomes = a, will, it appears, be barely equal to 


v/2f " Xf + q; i but > when «+ i is negative, or the 
Law of Centripetal Force more than the firft Power of the 
Oiftance inverfely, it will be infinite ; becaufe then the In 
dex being negative, *»+■ (or its Equal e»+.) will come in 
to the Denominator. 


^ U K O L. 


M 


ORE OVER, when s+j i s negative and x 
infinite, th e faid Velocity will alfo ’ become 


^ - - ' — w ‘-''-tunic 

'/2.raxp'+ -±-> becaufe then, for the Reafon above 


fpecified, x”+' will be = a: And therefore, when the Cen¬ 
tripetal Force is more than the firft Power of the Diftance 
inverfely, a Pr ojectile moving from P with the given Velo¬ 
city PS 2 ar( = m) along the Right-Line PA, will a fl 
cend even to a n infinite Height , and have a Velocity there 

figmfied by or in Proportion to the gi¬ 

ven Velocity, as VP 1 + to p, provided p 2 -l-~. 


be 
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be pofitive $ for otherwife the Thing is impoftible, tlic Square 
Root of that Quantity being manifeftly fo. 


C O R O L. V. 

H ENCE, if the leaft Velocity that can carry the Body 
to an infinite Height, or that which it would acquire 
by freely defeending from the fime Height, be required : 

By making p 2 -f-.. 2 .„ = 0, we fhall have/>— </ ; which, 

a-f 1 «+i 

fubftituted in p z a r gives X 2ar =2 v^T^T * 

for the Value fought j and this, it is manifeft, is to y/2 a r, 
the Velocity a Body muft have to defcribe the Circle P?, 

as t to Unity: Therefore, when n is lefs than_3, 

or the Law of Centripetal Force more than the Cube of the 
Diftance inverfely, a lefs Velocity will carry a Projedlile to 
an infinite Height in a Right-Line, than can retain it in a 
circular Orbit, was it turned into a proper Diredtion. 


C O R O L. VI. 

W HEREFORE, if it were required, how far a 
Body mu ft defeend by an uniform Force equal to 
that affedting the Projedlile at the Point P, to acquire the 
fame Celerity that another Body, by freely falling from an 
infinite Height (as above) has at its Arrival to that Point; 

then, by fubftituting the Value s /, as found in the laft 


Article, inftead of its Equal, in (lee Cor. II.) there comes 

out ,7+7 for the Value fought: And hence it appears, that 
the Velocity with wlvch a Body, falling freely from an in- 

K finite 


( 3 + ) 

finite Height, would impinge on the Earth, is no greater than 
t at which another Body may acquire by an uniform Gra¬ 
vity, equal to that at its Surface, in falling.freely thro’ a Space 
equal to its Semi-diameter. * 

SCHOLIUM. 

R O M the Ratio found in Corollary I. between the Ve- 
. locity with which the Body arrives at any Diftance (x\ 
from the Centre of Force, and that which it ought to have to 
delcnbe a Circle at the fame Diftance, it will not be difficult 
to determine in what Cafes the Body will be c „ ra „n . 
faH to the Centre, and in what other Cafes it will fl / a j ■ 1 ° 
V«. «, if < 1 * Body if 

begins to defcend, or the Angle CPi be acute, I L it wi ,J 
continue to do fo ’till it actually falls into the Centre of Force, 

if the Quantity ( J p x _£_S « 

thereto, be not fomewhere greater than Unity; or, which is 
the fame ,n effeft, unlefs the Body has fomewhere I Velocity 
more than fufficient to retain it in a circular Orhif * •, ^ 

DiHance from the Center of Force : FotfJ?™ 
to afcend it muft be at a Point, as D, where a Right LiT 
drawn from the Centre, cuts the Orbit perpendicut ly 
and there, it is mamfeft, the Celerity muft be as above 
cified, otherwife the Body will Hill continue to defcend or 
tlfe move in the Circle D L about the Center C * W \ • 
equally abfurd. On the contrary, if the faid Quantity’ in 
approach,ng the Centre, increafes fo as to become grea ^^ 
Unity, or be every where fo ; then, the Velocity at al 
nor Diftances, being greater than the Velocity^that is fuffi 
cent to retain a Body in a circular Orbit at any lh D^f 
Projefiile cannot, i, i s * 


But 
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Bat, on the other hand, the Angle C P£, being fuppofed 
obtufe, it will evidently appear from a like Reafoning, that, 
if the faid Quantity be always greater than Unity, or the Body 
in its Recefs from the Center, has, in every Place thro’ which 
it pafleth, a Velocity greater than is fufficient to retain it in 
a circular Orbit at the Diftance of that Place from the Cen¬ 
ter of Force, it mu ft, of confequence, continue to afcend 
ad infinitum. 

Now, therefore, to find in what Laws of Centripetal 
Force thefe different Cafes obtain, let the Angle C P b be firft 
fuppofed acute, or the Body moving towards the Centre, and 

*v in theabovefaid Quantity y/ , to be 

infinitely fmall; then it is evident, that that Quantity will 
become either * / , or infinite } according as n-\- i is a 

negative Number, or otherwife ; wherefore, in the latter of 
thefe two Cafes, the Body can never be forced into the Cen¬ 
tre; neither can it in the former, when n has any Value be¬ 
twixt — r and — j, as is manifeft from above, becaufe 

\/ ls greater than Unity (Redilinear Motion being here 

excepted :) Nor will either of thefe Conclufions hold lefs 
true, when the Angle C P b is obtufe; for it is obvious, 
that if the Projettile cannot be forced to the Centre, when 
directed towards it with the leaft Obliquity, it never can, 
when the Obliquity is increafed : But on the contrary, 
if x t) e either equal to or lefs than —2, and p be 

^fs than 1 ; then the faid Value not being 

greater than Unity, the Proje&ile muft inevitably be drawn in¬ 
to the Centre ; for, the afore -mentioned general Exprefiion not 

exceeding 




( 3 * ) 


exceeding Unity, neither at the given Diflance a, nor at the 
leafl afiignable Diflance, cannot at an intermediate Diflance ; 
becaufe, in the Defcent of the Body, the Expreffion mull ei¬ 
ther increafe or decreafe continually, there being only one 
Dimenfion of the variable Quantity (x) concerned. But, 
when p is greater than Unity, other Things continuing the 
iame, I lay, the Body, if it efcapes the Centre, and once begins 
to afeend, it will continue to fly from the fame ad infinitum , 
For, flnee the Part D L, &c. of the Trajectory, which it will 
begin to deferibe on its leaving the loweft Point D, is in every 
refpeCt equal and fimilar to D R, &c. if another Body projected 
upwards from P, in the oppofite Direction, with the fame Ve¬ 
locity, continues to afeend ad infinitum , our firft Projectile, 
after it has puffed the lowefl Point, mufl do fo too, and vice 


verfa i therefore p 1 -|—~ being there affirmative, and the 

*+-i 


Angle CPi obtufe, the Quantityv/ />* -f- -* x idti_, 

when * is infinite, will alfo be infinite j whence from the 
above Reafoning, the Pofition is manifeft. Hence we conclude, 
firft , that when n is greater than — 3, or the Law of Cen¬ 
tripetal Force, as any Power of the Diftance direCtly, or 
lefs than the Cube thereof inverfely, the Body cannot pofli- 
bly fall into the Centre, except in a Right-Line. And ,/econdly, 
that, when the Force is, as the Cube, or more than the Cube 
of the Diflance inverfely, it mufl either be forced to the 
Centre, or fly an infinite Diflance therefrom, unlefs it moves 
in a Circle. 

Furthermore, becaufethe abovefaid Quantity, when x is in¬ 
finite, in all Cafes where n~\~ 1 is negative, and pp greater than 
zzd. t appears to be greater than Unity, it follows, that in all 


thofe 
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thole Cafes, the Body may afcend, even to an infinite Height, 
and actually will do fo, when « has any Value betwixt — i 
and —3 • becaufe then, tho’ the Body Ihould at firft approach 
towards the Centre, its Afcent cannot be anticipated by being 
drawn into it, as it may, when the Value of n is fmaller, 
as has been above Ihewn. 

Note, The fame Things may be otherwife determined by 
Help of the laft general Value of A ; for if />/>-*--j_X * * 

— p z s* a* -~ 3 ' x x x, the Square of its Divifor be 

»+lXa n +' 

made equal to nothing, the affirmative Roots of that Equation, 
or Values of x, will give the greateft and leaft Diftances of 
the Projectile from the Centre of Force, and therefore in thofe 
Cafes, where it is found not to admit of two fuch Roots, the 
Body muft either fall into the Centre, or fly it ad injmitur*. 



L 


PROP. 


• # 
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PROPOSITION in. 

To find the Motion, or Angular Difiance of the Apfides, in 
Orbits nearly circular ; the centripetal Force being as any 
Power of the D fiance. 

L ET A r P a be the 
propofed Orbit, 

A and P two Places of 
the higher and lower 
Apfides, AfEtfA, and 
n?bn. Circles deferibed a jr 
with the Radii AC, 

C P about C, the Cen¬ 
tre of Force ; let r be 
a Point in the Trajec¬ 
tory taken at Pleafure; 
and let the Velocity of 
the Body at the higher Apfe be to tlm^vhich it ought to 
have to retain itfelf in the Circle A* E, as ^/TZZe, to i • 
calling AC, i; re, y, C r, i—y-, andAe, A: Then* 
by fubftituting, i for a, i for s, ^/T^e for p, i—y for 

_ spaax 

x, and y for x , in 



- Z , X*x—p*s*a* — 


x” + 3 


n ~^~ l »+iX«”+ l 

the general Value of A, as found by the laft Prob. the fame it 

s / 1 —' Xy 

is manifeft, will become — r -— ~, > 

H-* »+i 

for the Value of A in this particular Cafe; which by redu¬ 
cing 


j 
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cing TT^l* and 777?"+ 3 into Ample Terms, is 


y v/i— *\ 


,- y /, _,+x.^tt+t;-.+-^x- : ”+ 3 x ->'+" +3X * ’ 


&c. = 


y \/ 1 


_ y v 1 - 

_ /< ; 2 

\—yyJ z ‘f—v 2 — » + 3 Xj^— X ! 




but, becaufe e andf, by the Nature of the Queftion, are very 
fmall, all the Terms wherein more than twoDimenfions of thele 
Quantities are concerned, may be rejedted as inconfiderable in 
reipedt of the reft; 5 by doing which, our Equation becomes 

i ft *• , t > 

t "y<>rzl _—^ wViich ffor the above Reafon) is 

of i x f i very nearly: But the 


T^ x 7^y 


v' 2 Xyy . 

Fluent of when becomes = °, or A=AcE, 


( z ey 

is equal to a Semi-circle whofe Radius is Unity, or to 180 

180 ^ , 

Degrees; therefore ^=x 180°=^^^ egrees , is t .c 
Meafure of the Angle A C P. ^E.I. 

C O R O L. I. 

W H E N « is equal to, or lefs than -3, then the Value 
( '8° A of the Angle A CP, becoming either infi¬ 
nite or impoffible, it follows, that if the Law of Centripetal 

Force be, as the Cube, or more than the Cube of the 1 a 1 - 

inverfely. 
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inverfely, the Trajettory cannot have more than one Apfidt t 
And, therefore, the Proje&ile in all fuch Cafes muft inevita¬ 
bly either fall into the Centre of Force, or • fly from it ad in¬ 
finitum, unlefs it moves in a Circle; which is agreeable to 
the Scholium aforegoing. But, if n be equal to i, o, — x , 
or — 2 1 then will the Angular Diftance of the two Apfides 
be, 90°:oo, 103 0 : 55 , 127-17 , 0 r 180-00 ', re- 
fpe&ively j the firft and laft of which we are allur'd of from 
other Principles. 

C O R O L. II. 

I F the Diftance (D)1 of the Apfides be given, and 
the Law of Centripetal Force from thence be re¬ 
quired : Then, by making — 1 ^ equal to D, we fhall 
v/* + 3 

have ~| —3, =», for the Value fought : Hence, if D 

be 360°, or the Body takes up one intire Revolution in 
going from one Apfe to the other ; then, muft the Law of 
Centripetal Force be reciprocally as that Power of the Dif¬ 
tance, whofe Exponent is 2 £; but, if either Apfe , from the 
Time of the Body leaving it, to its Return again, has mov’d 
forward only a very ftnall Diftance, E, or D be = 180° . 

*7, the Force will then be inverfely as the 2 -j—L Power 
of the Diftance, very nearly. 

SCHOLIUM. 

I F x be any Diftance of the Proje&ile from the Centre 
of Force, and the Law, by which it tends towards the 
fame Centre, be every where, as cx n -f- dx » -f- exp -\-fxi 
&c, Cj d , &c. n } in , &c. being determinate Quantities •, and 

if 


( 4i ) 

if a be the Diflance of one of the Apfides from that 
Centre, the angular Diftance of thofe Apfides will be 

c. f x i8o°. 

3 +nX< a » + J^'xda m + 3 +P X‘«P 


From the MEAN ANOMALY of a Planet given ; to 
find its PLACE in its ORBIT. 

L ET A O B be the 
given Orbit, S the 
Sun in one of the Foci, 

AC the Semi-Tranfverfe 
Axis, CO the Semi-Con¬ 
jugate, A EH BA a Cir¬ 
cle circumfcribing the El- 
lipfis, and let n be the 
Place of the Planet at a- 
ny given Time after or 
before its paffing, A, the 
Aphelion ; thro* which 
draw E n P perpendicular 
to AB, and having joined the Points E S, EC,S», and made 
SD perpendicular to ECD, take the Arch EH equal to SD, 
and the Arch A a equal to S C. Then, the Sedtor ECH 
being equal to the Triangle ECS, AC HA will be equal 
to ASE A ; inafmuch as the former of thofe Areas is com¬ 
pounded of the Sedtor ACE and ECH, and the latter 
of the fame Sedtor and the Triangle ECS : Where¬ 
fore, fince the Area A S E A, is to A E B C A, half the 
Circle, as the Elliptical Area A»SA, to the SemUEllipfis 
AwBCA, by a known Relation of the two Curves; if, 

A/i in dead 
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inftead of A SEA, its Equal be fubftituted, we fhall have,, 
as ACHA : A E B A :: A«SA : A«B A; but ACHA 
is to A E B A, as the Arch AH to A E B, the Semi-Cir¬ 
cumference; and therefore it will be, as A«BA : A«SA 
:: A E B : AH: Wherefore fince the Areas AH 3 A, A/?SA, 
defcribed by Radii drawn to S, the Center of Force, are as 
the Times of their Defcription, it will be, as the Time of 
defcribing AffBA, or that of Half one Revolution, is to the 
given Time of defcribing A n S A, fo is A E B to AH; 
which, therefore, is the given Mean Anomaly in this Pofition, 
or the Arch proportional to the Time of the Planet’s moving 
thro* A 77. 

Let now ACn, C S = *, A H = D, A E equal E, 
its Sine E P equal *, and its Co-fine C P =y. Then* 
from the Similarity of the Triangles CEP, CSD, we fhali 
have, EC : EP vv Aa (SC): EH (SD) and, con- 

fequently , AE-f-|LxArf = AH, orE+^xA a % 

-D; which Equation, it is manifeft, will hold equally, 
whether the Arches A E, A a, and AH, be taken in De¬ 
grees or in Parts of the Radius: But now, in order to folve the 
fame, let the required Arch, or Value of E, be eftimated pretty 
near the Truth, and let this affumed Value be denoted by 

As = E, its Difference ( se ) from the Truth, by E; and 

^ ~ As — xA<z = D— E — x x A a, the Error of the 

the Equation, by R; make v r parallel to A B, and let sb be a 
Tangent to the Circle at the Point r: Then, as sb , by reafon 
of its Smallnefs, may, in this Cafe, be confidered as equal to e s 
and becaufe of the Similarity of the Triangles C ks> srb 

we 
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we (hall have as I (C j) : y (C k) :: E y x E —rb, or e r , 

very nearly ; whence E = E 4- E, and P E = * H- y x E, 
which Values therefore being fubftituted in the general Equa¬ 
tion E + *xAtf = D, there comes out E E -f- *x A a 


H-yxE xArf^D very nearly ; wherefore 



p—; x a* 
i-b'XA« 



-— ^- y X A * or, =-7— nearly: Hence it appears, that, if 

the Error of the Equation be divided by i-\-ey> and the 
Quotient added to, or fubtra&ed from the firft or affumed 
Value of E, there will arife a new Value of that Quantity 
much nearer the Truth than the former : And if with this 
new Value, and thofe of x and y correfponding thereto, we 
proceed to a new Error, or compute the Value of R, and 
that of the Divifor 1 -\-ey t &c. it is likewife evident, 
for the very fame Reafons, that a third Value of E 
may be found, by the fame Theorem, ftill nearer the 
Truth than the preceding, and from thence another, 
and fo another, &c. ’till we arrive to any Accuracy 
defired, each Operation, at leaft, doubling the Number of 
Places j fo that in the moft excentric of the planetary Orbits 
two Operations will be found fufficient to bring out the An¬ 
gle ACE to lefs than a Second : And when that is known, 
as EP and SP are then given, the Angle «SP may be ea¬ 
sily had; for, by the Property of Curve, it is AC : CO 
::EP : P s=: £OXEP and g p . EPXCO ( p n) .. AC 

( Radius) ; - p * p co - the Tangent of AS«. ^ E. I. 


Otherwile, 


Other wife. 

Let Radius EC = r and the general Equation AE + 

R P 1 

~ xAtf = AH, or E = D — ~ x A a be again refumed; 

then, the Orbit not being very Excentric, E will, it i$ 
evident, be nearly equal to D ; and, confequently, (x) 
the Sine of E, nearly equal to the Sine of D : Therefore, if 
the Sine of D be fubftituted for x , and the faid Sine be de¬ 
noted by x (lignifying the firft Value of x) it is obvious, 

that D —XAa will be nearer to the true Value of E, 

than D, and, confequently, that the Sine of D_~ x A a 

(which I call x) nearer to x than ( x) the Sine of 
'Dj wherefore D — Aa> muft be, Rill, nearer the 

Truth, or the required Value of E, than D — .L X A a 

r * 

and, confequently, its Sine (which I call x) ftil], nearer x, 
than (x) the Sine of D —ixAu: In like manner, the 

Sine of D — ^-x Aa(orx) will appear to be nearer x 

than x, and D — ~ x A a, nearer to the required Value 

than D — ~ x A a, &c. Whence the following Me¬ 
thod of Solution is manifeft. 

Let 1758123, the Log. of (57.2958) the Number of De¬ 
grees in an Arch equal in Length to Radius, be added to the 

Logarithm 
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Logarithm of the Excentricity, and from the Sum deduct 
the Logarithm of Half the greater Axis; the Remainder will 
be a 4 th Logarithm (L); which, being once computed, will 
ferve in all Cafes of that Orbit: To this Logarithm add the 
Logarithmical Sine of the given Mean Anomaly reckoned to 
or from the Aphelion; the Sum, rejecting Radius, will be 
the Logarithm of an Arch in Degrees ; which, being 
taken from the Mean Anomaly, and the Sine of the 
Remainder added to the faid Logarithm, the Sum, reje&ing 
Radius, will be the Logarithm of a 2 d Arch ; which, in like 
manner, being taken from the Mean Anomaly, and the 
Sine of the Remainder added to the fame Logarithm, the 
Sum, rejecting Radius, will be the Logarithm of a 3 d Arch; 
from whence, by repeating the Operation in the very fame 
manner, a 4 th Arch will be found, and fo a 5 th , Gfr. ’till 
we arrive to any afligned Exadtnefs; the Error in the 
-Anomaly Excentri , or Angle ACE, which Angle is 
to be expreffed by the Difference of the Mean Anomaly 
and the laft of the faid Arches, being always much lefs than 
the Difference of the faid Arch and that which immediately 
precedes it, from which Angle the true Anomaly is had a s 
in the above Cafe. E. I. 

Other wife. 

The foregoing Conftrudtion being retained, let Radius (AC) 
=1, the Sine of the given Anomaly ACH its Co-fine — b y 
and let E m be the Sine of E II : Then will a Cm — b xE m 
= x, the Sine of the Difference of thofe Angles, by the Elements 
of Trigonometry ; but EH being = ex , Em (by the fame) 

will be ex __ \ . illL &c, and Cw=i — 7-b 

2.3 ^ 2 .3-4-5 * 

2.3 4 " > whence, by Subftitution, fpc. we get 1 -+-be yx 

N + 


be' Jr’ 


where, by inverting 


the Series, x comes out = — £ - ^TTv -f- ^===rr x ^" 

i > i+^J* T- 7^,3 x , 


be 3 

+bt^ 


=*x 


; a — 366 


X be 3 


from whence, if the Excentricity be not very large, the 
•Angle AS// may be had as above to any Degree of Exatt- 
nefs, £>. E. I. 

Note y That, in thefe Solutions, when E is greater than a 
Right Angle, its Co-fine y is to be confidered as a negative 
Quantity. 


SCHOLIUM. 


As the foregoing Methods of Solution may feem te¬ 
dious or perplexed for common Practice, a fhort Approx¬ 
imation, tho* limited in Point of Exa&nefs, may be 
of Service. In order to this, we have have given EP 


( = x) —ax i — be-\- 


- xee - 


C aa — 1 bb 


Xbe\ &c. 


as above, from whence PC {=y= y /TZZT x ) \s=i + 

— - 1 -J-» ,! +^i- Xia*e*,& c . But, 

by the Nature of the Curve i-\-ey is = S//, and Pn = ^/T-ee 


be the Sine of the Angle AS//, or true Anomaly , and e4 " 

i -t-r j 

its Co-fine : Hence, by the Elements of Tri¬ 
gonometry a x — ~*~ v — b x = ae + nv ~~ h *s/T— r e 

6 J 1 r+r;- 

will be the Sine of the Difference of the Angles HCA AS/? 
or of the Equation of the Orbit; wherein, by fubftituting’ 

inftead 
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inftead of x and y % their refpe&ive Values, and contra&ing 
the whole by Divifion, &£. there will come out 2 ae into 1— 

K be 


a b b 4 a <«' 

4 4 * 


x^ 3 . 9c. 


which, when e is not very large, will appear to be equal to 
very nearly5 for this, converted to 


>+ 


TT7 


* + - 


a Series, is 2 ae — 


C n b t 


2$ ab x e‘ i 


-+~ ioa>be ♦ 


H** f Gfr. from which, if the former Series be ta- 

32 ' ’ 


ken, there will remain only iLLzl _f. xbe\ 

&c. Hence is deduced the following 


PRACTICAL RULE 

For finding the Equation of the Centre from the Mean 
Anomaly given. 

As Radius, to the Cofine of the given Anomaly , fo is f- 
Tarts of the Excentricity oj the Orbit , to a fourth Number j 
'which Number add to half the greater Axis , if the Anomaly 
be lefs than 90, or more than 270 Degrees , otherwife fubtradl 
from the fame: Say, as the Sum or Remainder , is to Double 
the Excentricity, fo is the (Logarithmic) Sine of the given Anc-> 
maly, to the Sine of a firft Arch ; from three Limes which Sine 
dedutt the double Radius , the Remainder will be the Sine of a f - 
wnd Arch, whofe ] Part, taken from the former , leaves the 
Equation fought . 
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And it mu ft be noted, that this Rule , in the Orbits of 
Saturn, "Jupiter , and the Moon , anfwers to a Second, and 
in thofe of the Earth and Venus to lefs than 0 f a Second. 
And, in thefe two laft, the Arch firft found will, without 
farther Corre&ion, be fufficiently exad to anfwer to the ni- 
ceft Obfervations, the Error never amounting to above 2 or 
3 Seconds j which is more corre<ft than either the noted Hy- 
pothefis of Ward or Bullialdus, as will appear from the fol¬ 
lowing Examination of thofe Hypothefes, which, as they 
have been much celebrated, and come near the Truth in ma¬ 
ny Cafes, may here alfo deferve a particular Confideration. 
And, to begin with the latter, which fuppofes the Angle 
AF« made at F the upper Focus by the Aphelion and 
(*) the Planet to be the Mean Anomaly, and therefore 
SnF the Equation. Becaufe a the Sine and b the Co-fine 
of the faid Angle are given, by the Nature of the Ellipfis, 

Sn= l + is alfo given ; whence, by Plain Trigono - 

metry, it will be, as u:: 2 ( (SF) : zae * 

,-+777+77 e< l ua ' t0 Sine of S«F, which, put in a Series, 
is 2 aex 1 e b -4- 2 bbZ-. 1 x ee-\~ 3^—4 bbxbe\& c . 

and this taken from 2^x1 — tZLl X ee , & c 

_ 423 

leaves 2 aex — ~ + y — ~ X ee, t£c. for the Error of 

this Hypothecs. But now for the other, where, E;zP being 
perpendicular to AB, AF E is fuppofed the Mean Ano¬ 
maly. Let SC and Cm be perpendicular to FE; then it 
will be as i (EC) : a (the Sine of AFE, or CFE) 

:: e (CF) : ae^Cm, the Sine of CEF 5 whence Ew 

its 
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its Co-fine, = </ i — a'e ': Again, as i (the Sine of C/»F) 

: e (CF) :: — b (the Sine of FCw) : — eb = Ft*, equal 
alfo to Cm, becaufe CS is =FC; for wh ich Re afon SI i s 

double to m C; wherefore it will be, as y/ I a c + eb 
(E/) : (SI) : : i (Radius) to “ tDC 

Tangent of S EF; which, in a Series, will be 2 ae X 
i — eb-*r a - g - a -4- e z b*, &c. whence the correfponding Sine 

is eafily found = 2ae x i — eb 4- b 2 e* — - , £fc.andthis 

taken from 2«tx i- —+ ~ -8 ives 2ae in " 

to_4- ~ xte, &c. for the Error in this Cafe 

Hence it will appear, that 
the greateft Error of each of 
thefe Hypothefes, in the Or¬ 
bit of Mars , where e is up¬ 
wards of .09, will be about 
5 or 6 Minutes, and in the 
other planetary Orbits, ac¬ 
cording to the Squares of their 
Excentricities (in Parts of 
their own Semi-Axis) nearly; 
it alfo appears, that towards 
the Aphelion the Circular 
Hypothefis will be the more 
correct, and near the Perihelion the other; and, laflly, that 
both Hypothefes make the Equation too large in the 
higher, and too fmall in the lower, Part of the Orbit. 

O Having 
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Having fhewn how much thefe two noted Hypothefes, 
(by many fo much efteemed) differ from Truth, it may be 
proper to proceed now to give fome Examples of the pre¬ 
ceding Methods, whereby the Problem is more corredlv 
folved. 

EXAMPLE I. 

L ET the Excentricity of the propofed Orbit be ^ of 
the Mean Diftance or Semi-Tranfverfe Axis, and the 
given Mean Anomaly 72 0 12' 36" =72.21 Degrees; and 
let the Anomaly Excentri, by the firft Method, be required. 

It will be, as 1, the Semi-Tranfverfe, to .05, the Excentri¬ 
city, fo is 57.2958, the Number of Deg. in an Arch, equal in 
Length to Radius, to 2.86479? = the Arch A a ; wherefore, 
the general Equation, in refpeft to this Orbit, will be E _j_ 
2.86479 X * — D, and by writing therein the given Anoma¬ 
ly, inftead of D, it will, in this particular Cafe, become E _|_ 
2.86479 xx = 72.21. Now, becaufe 2.86479 X* muff 
be lefs than 2.86479, E, it is evident, can neither be much 
leffer, nor much greater, than 70 Degrees ; therefore, I 
eftimate the fame at 70 Degrees, and then fay,’as 
Radius, to the Sine of that Angle, fo is 2.86479’ to 
2.692 ; whence E — D 2.86479 X x equal 0.482 
which is the Error, or firft Value of R : Again, for the 
Divifor i+ey, as Radius, to (y) the Co-fine of 70°, f 0 
Is -of. (') .0171 =ey, therefore 1 +ey= 1.0x71, and 

~ 0.464; which, being taken from 7 o°, gives 

69.536 for the next Value of E ; wherefore, it will be as 
Radius, to the Sine of 69.536, or 69° 32 ^, fo j s ’ th e 
faid Co-efficient 2.86479, to 2.68401 } from whence the 


next 
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next Value of R is found equal o.oiooi ; and this, divided 
by the next Value of i-\-ey, or even by 1.0171, the laft 
Value, and the Quotient taken from 69.536, leaves the true 
Value of E (= 69° 31' 34 ) to lefs than a Second. 

EXAMPLE II. 

L ET the fame Things be propofed, as in the preceding 
Example , and the Anfwer according to the fecond Me¬ 
thod be required. 

The Value of L, or the Log. of the Arc A a, as found 
by the laft Example, being 457093, I add thereto the 
Logarithmic Sine of 72 0 12' 36", or 72 0 .21', the Sum, re¬ 
jecting Radius, is the Logarithm of 2.73, the firft Arch, 
Which fubtra&ed from 72.21, the Remainder will be 69.48; 
to whofe Sine adding the faid Value of L, the Sum, deduci¬ 
ng Radius, will be the Logarithm of 2.683, the fecond 
Arch; with which, repeating the Operation, the third Arch 
will come out 2.6838, £?c. and this taken from 72.21, leaves 
69.5261, &c. or 69° 31' 34 ' for the Anomaly Excentri ; 
from whence the True Anomaly will come out 66° 52' 50", 

EXAMPLE III. 

T H E fame Things being given; by the practical Rule, 
it will be, as Radius to the Co-fine of 72 0 12' 36", 
fo is .0625 ( = £ 0 f -°5) t0 • OI 9 I > again* as i-P-0191, to 
°-L the double Excentricity, fo is the Sine of the fame Angle, 
to the Sine of 5 0 2 1'41three times whofe Log. Sine, minus 
double the Radius, is the Sine of 2' 48' ; the j Part whereof 
being taken from 5 0 21' 41", leaves 5 0 20' 45" for the 
Equation of the Center, and :. this taken from 72 12' 36 
will give 66° 52' 51", equal to the True Anomaly very 
nearly. Of 


Of the Motion of Proje&iles in refitting Mediums. 
PROPOSITION I. 

Suppofing that a Body, let go from a given Point, with a 
given Velocity, direblly to or from a Centre, towards which 
it uniformly gravitates, is ref/led by a fimilar Medium, 
in the Ratio of certain Powers of the Velocity, whofe In¬ 
dices are reprefented by the given Numbers, r, s, t &c 
Andfuppofmg the Part of the whole Ref/lance,'at the faid 
given Point, correfponding to each of thofe Powers, as well 
a { the Force °f Gravity, to be given ; ’tis required to find 
t :e Relation of the Times, the Velocities, and the Spaces 
gone over. 

L ET P be the given Point, DPC the Right Line 
in which the Body moves, and D, e, any two 
I Points therein indefinitely near to each other : Sup- 

( pofe the Velocity at P to be fufficient to carry the 

r . - Body, uniformly, over a given Diftance g, i n a given 

9 . Time b ; and let m be the Space, which would be de- 

b bribed in the fame Time with the Velocity, that 

would be generated in that Time in vacuo by a Force 
. d e( l ual to the Body’s fpecifick Gravity in the given Me- 

- ' dium j let the Part of the Refiftance, which is as 

w the r Power of the Celerity, at the aforefaid Point, 

be fuch, that the Eody in moving over a given Dif- 
c tance b, with its Velocity uniformly continued, would 
from that Part alone, meet with a Refiftance fuflident to 
take away its whole Motion 5 or which is the fame, let b be 
* the 
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the Diflance that might be defcribed with the Velocity at P in 
the Time that the Body would, by the faid Part alone, have 
all its Motion deftroyed, was the Refiflance to continue the 
fame as at the firft Inflant; and let the like Diftances, with 
refpea to the other Parts of the Refiflance, that are as the 
Powers of the Celerity, whofe Indices are, s, t, &c. be c> d 9 
&c. refpedtively ; laftly, let P D = #, D y = the Time 
of deferibing PD = T, and the Space the Body would move 
over in the given Time h , with the Velocity at D, =v. 

Then it will be, as g : b : : x (P q) : -y- the Time of de¬ 
feribing P q, and as b : g :: x (P q ) : ——, the Velocity de- 

flroyed by that Part of the Refiflance, which is as the r 
Power of the Celerity, in that Time; therefore, the Velocity 
at D being to the Velocity at P, as v to g, that deftroyed, by 
the fame Part, in the fame Time, from the Body s leaving D, 

will confequently be x = ' h J— \ » becaufe this Part 

of Refiflance is as the r Power of the Velocity : But the 
Time of deferibing D e , is to the Time of deferibing P q, 
as g to v; therefore the Refiflance arifing from the afore- 

faid Part in deferibing D r, muft be X y = h , — z * 

from whence, it is manifeft, by Infpe&ion, that the other 
Parts of the Refiflance, or Quantities of Motion deftroyed 

thereby, will be , 8 c. And therefore the 

c g s 2 d &* 

whole Velocity deftroyed by the Medium, in deferibing 
is ~~ 1 * + ^ But, the Time of deferibing 

b * r 2 eg* — 2 

De 3 being to h JL that of deferibing Vq as g to v, will 

g , 

P be 
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be reprefented by 'il-, and therefore it will be, as b : « : • 

V : thePart of Velocity generated or deftroyed in 

that Time, by the Force of Gravity, which added to or 
taken from, the former Part, arifing from the Refinance 
according as the Body is in its Afcent or Defcent, the Sum 


<V J —I* 

' cg — z ’ &c - muft, it is 


or Difference 

V bg r * eg! -2 ' •**»*«., u to 

manifeft, be equal to (—the whole Decrement of Velocity • 
Hence we have x --_ 

■*•+ -—r- z + ~j ’ 
Moreover, becaufe T, the Time of describing Dr, is found 
equal to —, we have L? = x , which being fubftituted in- 
ftead thereofin the other Equation, there will come outT= 

zrzzffz *• E I - 

*»— z <g— 


&c. 


H 


C O R o L. I. 

ENCE, when the Refiftance is barely in the r 
pie Ratio of the Velocity, then c , d, & c . being infil 

n ite, our Equations become *• — — 1 w ^ 

—— 3 and T equal 

, _* 

«» +— ~ ’ ~p~ mto the Hyp. Log, 

cf » and T = y into Hyp. Log. of If 5 *”* 

£ v fn b 


C O R O L. 
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C O R O L. II. 


B UT, when the Refinance is, as the Square of the 
Velocity, r being equal to 2, and c , d, infi¬ 
nite (as before) the Equations will be x equal to --71 > 

and T equal to h v : Hence x is found equal to 

* fc " + T“ 

7- X Log. , wherein, if v be taken = o, we fhall 

have -A x Hypb. Log. 1 H- 77, for the Height of the whole 

Afcent; but, if v 2 — mb be taken = o, we fhall have 
s/ mb equal to the greateft Velocity the Body can pofiibly 
acquire by defending; laftly, if g be taken = o, there will 

be-Lx Log. —■—— for the Diftance gone over when 
the Body falls from Reft ; therefore, in that Cafe the Log. 
~ bZz£ v k e * n S = 3 if « be put for the abfolute Number 

whofe Hyperbolic Log. is — if we (hall get mb m ~ = V 
and confequently v =~f?Tb ] * X *. 

Moreover, with refpe<ft to the Time, becaufe T in the 

Defcent of the Body is = the Time it felf will, in 

this Cafe, be -A into the Hyp. Log. x 

2 V m mb *» —v 

^ i and therefore, when the Body delcends from Reft, 

is barely = ± x L wherein, if the above 

° mbl* —v 

found Value of v be fubftituted, it will be — </ x 

Log. 
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Log. But, in the other Cafe, T being = 

1 1 n 1 . ° mb + w 

T will be equal to — drawn into the Difference of the two 
Circular Arcs, whole Tangents are^ and v 3 and whofe com¬ 
mon Radius is </ mb. And, in like manner, the Values of 
at and T may be exhibited by the Quadratures, &c. of the 
Conic Sections, in any other Cafe, where the Refiftance is 
barely as a fimple Power of the Velocity, whofe Exponent 
is a rational Number, and alfo, in many Cafes, where the 
Refiftance is in the Ratio of two different Powers, by Help 
of the laft Problem of this Treatife. 

c O R o L. HI. 


I F m be taken = o, or the Body be fuppofed to be affect¬ 
ed by a Medium only, and the Refiftance be barely as a 
fimple Power (r) of the Velocity; then a: becoming equal 

bg v v, and T= — bhg r 2 v r v, x, in this 

Cafe, will therefore be = and T equa , 

- - ~i— r --- : Where, if r be taken = o, i, 2, 3> 

&c. fucceflively, * will be bLog 
— b + £fr. and T equal to — x — Log -L — 

_* _ i & g b ' * ’ g 

X & c - refpeaively ; from whence, by 

exterminating v, we have * = ^-x i—T = — Log. 

j=;. *=*Log. 1 + fx£> T = *X &c. 

exprefling the Relation of the Times and Spaces in the faid 
Cafes, respectively. 


SC H O- 
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SCH O.UU M. 

I N Fluids void of Tenacity the Refinance is in the Du¬ 
plicate Ratio of the Velocity; and it is found, that a 
Body in fuch Fluids, by moving over a Space, which is to 
* of its Diameter, as the Denfity of the Body, to that of 
the Medium, with its Velocity uniformly continued, would 
meet with a Refiftance fufficient to take away its whole Mo* 
tion ; Therefore, if this Space be taken to reprefent the Va¬ 
lue of b, in Cor. II. by Help of the Theorems there given, 
the Velocity, Time, or Space gone over, will be readily ob¬ 
tained. For an Inftance hereof, let a Ball, whofe Diameter 
is | of a Foot, and whofe Denfity is the fame with that of 
common Rain-Water, be fuppofed to be proje< 5 ted upwards 
in a Direction perpendicular to the Horizon, with a Velocity 
fufficient to carry it uniformly over a Space of 300 Feet in 
one Second of Time; and let the Heighth of the Afeent, the 
Times of Afeent and Defcent, with the Velocity generated 
in Falling, be required. Becaufe, the Denfity of Rain-Water, 
is to that of Air, as 860 to 1, b will, here, be (* X \ X 860 ) 
764.4 Feet 5 and fince the Velocity, which a Body would 
acquire in one Second of Time by freely defending in vacuo, 
is fufficient to carry it uniformly over a Diftance of 32.2 
Feet in that Time, it will be, as the abfolute Gravity, to the 
fpecifick Gravity; or, as 860, to 859, fo is 32,2, the faid 
Feet, to (32.16 = ) m , h being equal to the Time above?- 
mentioned: Wherefore, if for£, h , b and m , their refpedive 
Values 300, 1, 764.4, and 32.16, be fubftituted in theafore^ 

faid Theorems , we (hall have, firft, X Hyp. Log. 1+ ^ 
(:=#) 630 p eet £ or w h 0 i c Heighth of the Afeent, 

*Arch, whofe Tang, is g , and Rad y/rnb , = 5.48 Se* 

conds, 


oonds, the whole Time of Afcent; 3 d , .21455; 4 th > v = 

139, the Diftance that would be uniformly defcribed in one 

Second with the Velocity acquired by falling; laftly,i~ 

X Log. = 6.85, the Time of Defcent. But if thefame 

Ball be fuppofed to move in Water with the fame givenVelocity; 
then, the fpecifick Gravity in that Fluid being nothing, the 
Body may be confidered as moving by its innate Force only; 
and, therefore, the Number of Feet gone over, in any Num¬ 
ber of Seconds, denoted by T, will (by Cor. III.) be ", 
into the Hyp. Log. of 1 337.5 T. 


-—^ 

PROPOSITION II. 

Jo find the Refiftance and Denfity of a Medium, 'whereby a 
Body, gravitating uniformly in the Direction of Parallel 
Lines, is made to defiribe a given Curve ; the Law oj Re¬ 
fiftance being given, partly as the n Power, partly as the 
2 n Power, partly as the 3 n Power, &c. of the Celerity 
or as aC”-) r bC*’'-) r cCl’’, &c. where C denotes the 
Celerity , and n, a, b y c, 6cc. any determinate Quantities. 

L ET ArC be the propoled 
Curve, and AH the Axis 
thereof, or a Right-line in which 
the Body gravitates, to which let 
r » and ^ be parallel, and Hr 
and bm perpendicular, r and m 
being any two Points in the Curve 
taken indefinitely near to one a 7 
nother: Suppofc the Body arrived to r % with a Velocity i n 

the 
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the Dire&ion re, reprefen ted by v ; let AH Hb (r n) 
= x ) Hr^, nm (rej = y t rm=zz, and let D be as the 
required Denfity. Then, fince the Velocity in the Direction re 


is-y, that in the Dire&ion rn will be 44 ; and therefore 

y 

-± ? + ' vx will be the Fluxion of the fame, or the Increafe 
y * 

of Velocity in that Direction during the Time of defcribing 

r m 5 wherefore, if from this we take the Part arifing from 


the Refiftance of the Medium, which is 4-4 fbecaufe it is 
. y 

to v, the Alteration of Velocity in the Direction re, as x to 

y ) there will remain 44 . for the other Part arifing from the 

Force of Gravity, in the fame Time and Direction } therefore, 
the Refiftance in the faid Direction, is to the Force of Gra¬ 


vity, as — 44 to 44 , or, as — ~ to i j and, confe- 

y y <vx 

quently, the abfolute Refiftance, in the Direction rm , to the 

Force of Gravity, as to i; But ( the Part of 
vx V r / 


Velocity, arifing from Gravity, being as the Time 2 . of 
defcribing r m, may be expreffed thereby 5 whence we have 
or v z x = yy ; and therefore in Fluxions 2 vvx 


+ v*x = o, or — - 4 -, which fubftituted in the fore- 

V 2X 

going Proportion—- 42 . ; j gives - 44 - to 1 for the Ra- 

V X 2 X X 

tio of the Refiftance to the Gravity. Moreover, becaufe 

the 


the abfolufe Velocity is -A, the Refinance, by Suppofition* 

I n ~T~1 2f! 

~b bx ~r--j &c, or, becaufe 

• • • • 2 n 

is , as D into a x b x~—, &c. which 

•• I 1 •• 71 " n 

x ( x % x 


i 


Quantity mull therefore be as ^ 4 -, and confequently D as 


ax n ~~ l Xx 1 + bx Zn l x - -fcaj 3 " 'x » (sfc. 


%.E.L 


COROLLARY. 

H ENCE, if the Law of Refinance be only as a fina¬ 
gle Power («) of the Velocity 5 then, by taking b % 

c. d. (sfc. each == p, and a = 1, we have---for the 

• * i 

25 X**"*"’ 

Denfity‘in that Cafe; which, therefore, when n is = 3, 
or the Refiftance dire&ly as the Square of the Velocity, 

will be barely as~. 

XX 


EXAMPLE I 


L ET it be required to find the Denfity of a Me¬ 
dium, wherein a Body moving, (hall defcribe the 

common Parabola. Here x being =-^-, we have x equal 


i£, i'= *i£; and x=o ; and therefore D^o; which 

(hews, that a Body, to defcribe this Curve, muft move in 
Spaces entirely void of Refrftance. 


EXAMPLE II. 


T O find the Denfity, &c. when the Curve is a Circle, 
and the Refiftance as the Squar e of the C elerity. 
Becaufe x, in this Cafe, is =a—^/aa—yy, there will 


be x ~ 


a a —yy * 


•S a a —yy 


and x = 


. ; therefore the Denfity will here be, as 


s >• ; or> a s the Tangent of the Diftance from the 

higheft Point direaly; and the Refiftance will be to Gra¬ 
vity, as 3 y to 2 «, or, as 3 Times the Sine of the fame 
Diftance to twice the Radius. 


SCHOLIUM. 

I F the Denfity of the Medium be given, the Curve it 
felf may be determined by the Conftruftion of the 
foregoing fluxional Equation : So, in cafe of an uniform 
Denfity, and a Refiftance, as the Square of the Velocity, 

where we have D = ~ , or D x s/ y y -b K x = # J 

Z X 

* Will be found = Li + — -H And when 

2P IP '*P 

D is conftant, and the Refiftance barely as the Velocity, it 

r will 
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4. v 


will be#= — ^t-xLog. , _£? { _ 

D L) 2. p I 1 2 u - * ' 

ther Cafe, being twice the Radius of Curvature, or the Para- 

• KntVl wVnrh onrl flio _ tt- i »■ t-v 


t x » A * n e *~ 


UlXUg t W itv, W1V i\auiug UJ VUi VdlUIC, Or tile X afa“ 

meter at the Vertex; both which, and the true Value of D 
may be eafily computed from the Velocity at A, and the 
given Denfity of the Medium. 


PROPOSITION III. 

'Ihe Centripetal Force being given, and the Law of Refiflanee 
as any Power (n) of the Velocity ; to fnd the Denfity of a 
Medium in each Part thereof whereby a Body may deferibe 
a given Spiral about the Centre of Force. 

L ET RmH be the given 
Spiral, R and m two Points 
therein as near as may be to each 
other, and C the Centre of Force; 
and let R O be the Radius of Cur¬ 
vature at R ; making OD and 
mp perpendicular to RC, and- 
calling RD, j ; RC, x ; R p } 

R/», i; the Centripetal Force C- 
and the Velocity, v. Forafmuch, as RO is to RD, as’the 
abfolute Centripetal Force at R, to that, which tending to 
the Centre O. would be fufficient to retain the Body in the 
Circle, whofe Radius is R O, and, becaufe the Centripetal 
Forces in Circles, the Velocities being the fame, are inverfelv 
as the Radii; R D, it is manifeft, is the Radius of the Cir¬ 
cle which might be deferibed with the Velocity and Centri¬ 
petal Force at R : Therefore, fince the Centripetal Force 
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in Circles, is known to be fuch, as is fufficient to generate or 
deftroy all the Velocity of the moving Body, in the Time it 
is uniformly defcribing a Diftance equal to the Semi-diameter 

of its Orbit, we have, s (R D ) : z (R*,) ;: v ; ^ the 

Velocity which the Centripetal Force would generate in ano¬ 
ther Body freely defending from Reft at R, in the Time 
the former is defcribing R m ; wherefore, by the Refolution 

of Forces, it will be z (R m) : x (R/>) :: -il ; t jj e 

Velocity generated in the fame Time, by the Body defcri¬ 
bing Km ■, which, therefore, added to i the Excefs of the 

Velocity at R above that at m, the Sum v will, it 

is manifeft, exprefs the Velocity taken away by the Medium 
in that fame Time: But the Velocities generated or de- 
ftroyed in equal Bodies, in equal Times, are as the Forces 
by which they are generated or deftroyed; and, therefore, 

it will be as or as 4- + x-i to ,, fo 

is the Refiftance to the Centripetal Force. But, the Velo¬ 
cities in Circles being in the fubduplicate Ratio of the Ra¬ 
dii and Centripetal Forces conjundly, v will be as ,/lC~ 

and confequently = _i _j_ jL. whence> b y Subftitution,. 


it will be as 


■ —: i, or, as 2 x +s x ~ + 

2 Z 


ll : C > fo is the "efiftance to the Centripetal Forcej but 


C is the Centripetal Force, and therefore sx + s x 4 -f- 

• 2 Z 

is the required Reiiftance j which being divided by (TClfj- 


tht 
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the n Power of the V docity, becaufe the Refiftance is in 
the Ratio thereat', and the Denfity of the Medium conjuntt- 

Jy, the Quotient —H-;/ ^ will, it is ma- 

2 s r *C i 2 C *7 ZS r*~" 

nifeft, be as the .Denfity of the Medium. E. L 
EXAMPLE. 

L ET the Refiftance be in the duplicate Ratio of the Ve¬ 
locity, the Centripetal Force as tome Power, of the 
Diftance, and the Curve propofed the Logarithmic Spiral ; 
and, Radius being r, let c be the Co-fine of the common 
Angle, which all the Ordinates make with the Spiral: Then 

s, by the Nature of the Curve, being - «(-CR) -il±JL 

2 « 

will be = -li- = JS , and therefore - 2 ' +_L + = 2S. 

2 z r 2 z 2 C z 2 r 

HL1. = L-x^—-; hence we have, as 2L±i. : JL y fo i s 
the Refiftance to the Centripetal Force. And the Denfity of 
the Medium will be as s that is, when c and m are 

given, reciprocally as the Diftances from the Centre of Force: 
But when m is — 3 , then ~±i becoming = 0 , it ap¬ 
pears, that the Body in this Cafe muft move in Spaces entire¬ 
ly void of Refiftance to deferibe the propofed Spiral: And, 
therefore, the Law of Centripetal Force being more than the 
Cube of the Diftance inverfely, the Defcription of this Curve 
will, it is manifeft, be impofiible from any refilling Force 
flvhatfoever. 


Of 
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Of the Motion and Refiftance of Pendulous Bo- 
dies in a Medium. 

PROPOSITION I. 

Suppofing two equal Pendulums, whofe Bobs are in Form of 
the Segments of Spheres, to be moving with equal Velocities 
in a refifting Medium, and the Lhicknefs of each Bob with 
the Diameter of the Sphere from which it is formedto 
be given-, ‘To find the Ratio of their Refifiances. 

L ET A KB A be one 
Side, or Half, of one 
of the propofed Bobs, and 
E A K B F CE Half the whole 
Sphere whereof it is a Seg¬ 
ment; and let the faid Seg¬ 
ment be conceived to be divi¬ 
ded into an indefinite Number 
of indefinitely fmall Lamina, 
by circular Planes perpendi¬ 
cular to the Axis KC, and 
equi-diftant from each other; 
and let A^BSA be one of 
thofe Lamina , included be¬ 
tween any two adjacent Planes, 
and n be the Thicknefs thereof, or the common Diftance 
of the faid Planes; calling AC, a-, AD, c; any Ordinate 
^ mv, y-, and KD, x. Then, by the Property of 

the Circle, we have DR = ^/cc — yy ; which, Radius be- 
ing a, is the Sine of the Angle that the Surface at Q^makes 
S with 
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with m the Direction of its Motion, or the Incidence of the 
Particles it ftrikes againft : Therefore, fince the refining Force 
of the Medium, on any Surface the Velocity being the fame is 
as the Number of Particles falling thereon, and the Square of 
the Sine of their common Incidence conjun&ly, the whole 
Refiftance of that Part of the propofed Surface, reprefen ted 

by Q3 will be as / C ^/- L xny becaufe ny is evidently 
as the Number of Particles : Hence, by taking the Fluent, 
we have 1 L x cc —for the Refinance of A O ; the Dou- 

a a ' 

ble whereof, ~~~ > when y becomes equal c, w m con- 

fequently be the whole Refinance of the faid Lamina : 
Which Refinance, if the Axis KD (x) be, now, fuppofed 
to flow, and at be put inrtead of n , will, it is manifert, be 
the Fluxion of the Refinance of the propofed Segment 
A K B D : But x being = a — aa — cc by the Property 

of the Circle a: will ;• be= ==, and confequently the 


above-faid Fluxion equal to - H* f _ . w h 0 f e pj u- 

ZaaV aa — cc 

’ll A K X C K ADX^C , ad> 

ent will be - \ -f-X i -f- ", an d 

therefore the Double thereof as the whole Refinance of the 
given Pendulum. E. I. 


C O R O L. I. 

H ENCE it appears, that the Refinance of the whole 
generating Sphere will be exprefs’d by E K x K C or 
the Area of the Semi-circle EKFEj and therefore is to 
that of its circumfcribing Cylinder, moving in the Direction 
of its Axis, exadlly, as i to 2. 


COROL 
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C O R O L. II. 

T F the Refiftance, as above found, be divided by 3.14159, 

&c. x KD a x - KC ^~ zKr) , the folid Content, or Quan¬ 
tity of Matter in the Pendulum, the Quotient will, it is mani- 
felf, be as the Retardation of its Velocity arifing from that Re¬ 
fiftance ; and this, if b be put for the Axis or Thicknefs of 

the Bob, and d its greateft Diameter, will be equal to =- yh -“ - 
° ‘ * b b 4 - d 

very nearly. 


C O R O L. III. 


TIT HERE FORE, if b be taken = d, we fhall have 

* * JL for the Retardation of the Globe, whofe Dia- 

4 d 

nieter is d ; and therefore the Retardation of the Pendulum 
to that of its circumfcribing Sphere will be as 

° 1 bb-\-dd l 

to - 3 -, or as 2 Td z : TT+Tdi nearly. 


Note, If the Bobs of Pendulums be in other Forms than 
thofe of Segments of Spheres, the Refiftance will be readily 
had as above; fince it is evident, that A C (a) being ta¬ 
ken for the Normal of the generating Curve K A, the Re¬ 
fiftance of the Lamina A^BSA will be " as is there 

3 a 

found, let that Curve be what it will. 


LEMMA. 

^ e f{ftance of a Body in a Medium , is to the Force of Gra¬ 
vity, as twice the Space thro which the Body muft freely 
fall by that Gravity to acquire the given Velocity, to the 

Space 
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Space ever which it might move with that Velocity in the 
Time wherein the jaid Refijlance , uniformly continued, would 
take away the Body's whole Motion. 

For the Velocity acquired by freely defeending from Reft, 
thro’ any Space, is known to be generated in the Time that 
the Body, with the Velocity fo acquired, would move uni¬ 
formly over double that Space: But the Forces, by which 
the fame Motion would be uniformly generated or deftroyed, 
arc pnverfely as the Times in which it might be generated 
or deftroyed ; and therefore inverfely, as the Diftances de- 
feribed with the fame Velocity in thofe Times. 


PROPOSITION II. 

Suppofmg that a heavy pendulous Body , ofcillating in a Cycloid , 
is refilled by an uniform Force , and at the fame time by a 
rare and fimilar Medium , in the duplicate Ratio of the Ve¬ 
locity ; To find the Excefs of the Arc , deferibed in the whole 
Defcent above the Arc , deferibed in the jubfequent Afcent , 
and the Time of one entire Of dilation. 

L ET ABD be the whole Cycloid, BC its Axis, EB 
the Arc deferibed in the Defcent, and BF that de~ 



c 

D 

g\-- 

H 

--/E 


R 

—7/ 6 


B 


feribed in the fubfequent Afcent; draw GHE, F/, C$c. 
parallel to A D, let S be any Place of the Body, and h R, 

the 
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the Diftance thro’ which it muft freely defcend in vacuo, 
hy a Force equal to its fpecifick Gravity in the given Me¬ 
dium, to acquire the fame Velocity as it has in that Place- 
Suppofe that Part of the Refiftance, which is uniform, to 
be to the Force of Gravity, as m to i ; and let d be the 
Space over which the Body muft move with its Velocity 
uniformly continued, to meet with a Refiftance from the 
other Part, fufficient to take away its whole Motion ; or, 
which is to the fame Effetft, let d be to the indefinitely 
lm ill Arc S«, as the whole Motion of the Body at S, to 
that deftroyed by the Medium in moving thro' S«; cal- 
ling BD, b ; BE, a; Rb, z ; ES, x- y S n, x. Now, the Force 
ot Gravity being reprefented by i, that Part of it whereby 
the Body is accelerated, at the Point S, is -°~- r A b s \ 

^ ' b D) * 

And, by the preceding Lemma, we have, as d : zz :n . 
~ for the latter Part of the Refiftance, or that in the dupli¬ 
cate Ratio of the Velocity } which being added to m, the 
former Part, and the whole taken from -~ r , gives n ~ x _ 

M ~d for the whole Force whereby the Body is accele¬ 
rated at the faid Point: Therefore the Velocity, there, being 
known to be, as that generated in the Time 

V'' 2Z 

defcribing S« will be defined by — m _il v 

v'TTl» which muft therefore be equal to, —— , the Fluxion 

-J __ ^2? 

of, \/ 2 z, the aforefaid Velocity: Hence, we 

have Lzzz .. m 2 * • 

6 m "7 — -7- 5 which, by writing e in/lead 

' T of 


of a —mb, tic. becomes —equal oj 
from whence, by folving the Equation, z is found = y — 


^TT 7 ~~ZrZ-^~ H- -^ , &c. Or, if p be 

-T 77 X * 3^ ^ 3-4* 34-5< /I ’ r 

put for (0.367878) the Number, whofe hyperbolical Loga- 


rithm is - 1, = l—p Z -r X — tt • wut "Hen tne 

Body arrives at F, the Hight of its Afcent, *, or its Equal 

** d+ze -_ UlL __i_ becomes equal o; 

T-3T7T x * 3^ ^ 3-4^ 

Which Equation folved, gives 

= EBF; therefore F G is = 2fl —2e +tL- £LL,&c. 

l , 4 e ' a 16 (by refuming 2 in (lead of 

rr 2. m 0 -4- gdd * ' y 

its-Equal 2* — a «0 which, becaufe OT and -3 are fu PP°- 
fed very fmall, will be 2 mb + 1^1 very nearly. ^.E./. 

Moreover, fince the Time of deferibing the leaft polfi- 
ble Dillance S», is as 4 .., by fubftituting therein the 
Value of z, as above found, w lhall have 


. But when the 
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becomes = 2 e_ + ±1, &c. appears, from above, to 

be equal to Nothing, if r be put to denote the Value of ze _ 

4 e e j 6 e 3 

~ + ^77* ^ Cm or the R° ot tbe Equation, it is manifcft 
tIlat 7+ti r 7^ — 7 7 7 / w * 11 ab *° be equal o, and 


confequently r - iU. + Qfc. = ; which 

.. ,+ T 

being fubilituted inftead thereof, our faid Fluxion will be- 

come h * x_ _ - -- - 

r ~T7+i7Tr* “* + Tr' Cs ’ c - ,( 


~Cli,. io, ° 

1 +-h 


and laftly, by converting i— 2 x r -~r~l~' into a ra- 

3 a 

tional Series, equal to :- 4 ,*—^-into i + 

1 + -j f xr=r^5 -+-171- 

Now, the Fluent of = £—‘T - (= — * ) when x 

1S = r, is known to be equal to the Periphery of the Circle 
whofe Diameter is Unity; wherefore, if that Periphery be 
put equal />, the required Fluent of our given Expreflion 



X 14 - 


r±x 

3 * 


r x 

6 dd* 


Gfc. will then appear 
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to be ^L^ ' frr X 1 "+■ ~3'j“ ■+“ TTTdi &C. from p. 118. of 

i ze \- 

*+tI 

my Book of Fluxions s which, by reftoring the known 
Value of r, will become p b 1 x I 4 - — I Xi + —, 

d d -idd 


&C. = t b1 X 1 — 7 -t- 77* — X 1 -+- 7“£*+ ^ 

x I 4- £77 — “7“r, and ^is is, it is mani- 

fell, as the Time of one entire Ofcillation. E. L 


C O R O L. I. 

W HEN d is infinite, then F G becoming barely equal 
2 mb, it will be as 2 b : F G :: I : m : Hence it 
appears, that the Excefs of the Arc defcribed in the whole 
Defcent above that defcribed in the fubfequent Afcent, when 
the Refiftance is uniform, is to twice the Length of the Pen- 
dulum, or DBA, as the refilling Force, to the Force of 
Gravity. 

C O R O L. II. 

B UT, when m is= o, or the Refiftance barely in the 
duplicate Ratio of the Velocity; the faid Excefs will 
be in the duplicate Ratio of the Velocity, or Arc defcribed 

nearly, 

C O R O L. III. 


I F m be confidered as negative, or the Pendulum, inftead 
of being refilled by an uniform Force, be accelerated 
thereby, fo as to continue its Vibrations in the fame given 

Arc i 
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Arc; then, fince 2 mb + (= FG) becomes = 0 , —m 

will be = : And, therefore, it is manifeft, that the 

Force, which adling uniformly on the given Body, i s 
fuffident to counter-ballance a Refiftance in the duplicate 
Ratio of the Velocity, or to keep it vibrating in the fame 
given Arc, mail be to the Weight of the Pendulum, as 2 a a 
. 3 ^ nearly . And, therefore, the Arcs, which a given Pen¬ 
dulum fo actuated, will continue to defcribe, by different 
Forces, will be nearly as the Square Roots of thofe Forces. 


C O R O L. IV. 

TXT HEN both m and A are equal to nothing, that is, 
* when the Ofcillations are performed without Re¬ 
mittance, the Time of Vibration will be barely which 
is to the Time, wherein a Body freely defcending from Reft, 
would fall thro C B, Half the Length of the Pendulum, as 
t e Circumference of a Circle, to its Diameter. 


C O R O L. V. 

A/T OREOVER, when only ~ is = o, or the Refif¬ 
tance uniform, the Vibrations will, alfo, be Ifochro- 
* and performed in the very fame Time ^as if the Pen- 
ulum was not at all refilled. 


C O R O L. VI. 

^ e( i ual t0 nothing, or the Pendulum be 

re ^fted, only, in the duplicate Ratio of the Velo- 
ty , the Time of Ofcillation will then b z p b* x 
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r . JiL TH , Off! Therefore, the Exccfs of the Time 

' odd i),a 3 * 

of one whole Vibration, in a Medium refilling in the duplicate 
Ratio of the Velocity, above the Time of Vibration in the 
leaft Arc pofhble, is to the Time of Vibration in this Arc, 

as ~ — f /jd> to Unity ; or, becaufe -7 is very 

f m all, as ^ to i very nearly: Hence it ftiould follow, 

that the faid Excefs, is in the duplicate Ratio of the Arcs 
very nearly, I fay Jhould follow, becaufe I know very well, 
that Sir Jfaac Newton , Princip. Prop. 27. B. II. makes it 
to be, nearly, in the fimple Ratio of the Arcs : This I 
confefs had made me more than a little fufpeft, that I might 
have here fallen into an Error; and yet upon re-examining 
the Procefs with more than ordinary Attention, I have not 
been able to difeover any Miftake therein committed ; but* 
if. any fuch fhould occur to my Readers, I fhall readily ac¬ 
knowledge my felf obliged for the Difcovery. 

SCHOLIUM. 

I F inftead of a Cycloid, the Ofcillations be performed in 
a Circle, the above Conclufions will ftill hold, provided 
the Arc described be but fmall; excepting thofe that relate 
to the Time of Vibration, which is fhortned or prolonged, 
independent of the Refiftance, from the particular Nature of 
the Curve, according as a fmaller or greater A rc isdefcribed. 

But, if to the Time/>£‘x i -+- -gj-t — £7T’ found as 

above, be added the Excefs of the Time of Vibration in 
the Arch a , of a Circle whofe Radius is b , above the Time, 
in the leaft Arc poflible, which, by p. 140. of my Book of 

Fluxions , 
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Fluxions, is pb'x- 2 £- b , &c. we (hall then have pt l x 

a x a 

1 + 7 S 77 ■+“ ZTi-> ^ c ' f° r Time of Ofcillation in the 
Arc a of that Circle nearly. Hence it will not be difficult 
to determine, how much the Times of Vibration, in fmall 
Arcs of Circles, are increaled or decreafed from the different 
Weights of the Atmofphere. For, if the Force by which 
t le Pendulum is kept in Motion, be always the fame, the 
Arc defcribed, by Cor. III. will be as s/Tl J that is, in the 
lubduplicate Ratio, inverfely, of the Denfity of the Medium, 
or Height of the Barometer: Therefore, if h be put for 
the Height of the Barometer, at the Time when a given 
Arc c is defcribed, the Length of the Vibration correfpond- 

in g to (y) any other Height thereof, will be lijL- this there- 

y x 

fore being fubftituted inftead of a , and — inftead of d' 

in the above Expreffion, gives pb*x i -f- All + 

for the Time of Vibration correfponding to this laff Height; 

which, when y=b, is pb l x i &c. therefore 

l o b b 

t ie Difference of the Times of Vibration anfwering to 
the two Heights of the Barometer h and y, if n be put equal 

to the Difference of thofe Heights, will be tlllx 

*66 — ZbZ > near] y> excepting by fo much as it is varied 
tbro’ the different fpecific Gravities of the Pendulum, &c. 
in a rarer or denfer Atmofphere; which is eafy to be com- 
pute . However, after all, it is not to be fuppofed, that the 
eration in the Time of Vibration, above fpecified,. will 

happen 
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happen immediately upon the Rife or Fall of the Mercury • 
becaufe the Pendulum, thro’ its vis inertia, will be fome 
Time before it can be brought to perform its Vibrations, 
either in a greater or fmaller Arc : And, indeed, the Alte¬ 
rations, both in the Time and Arc defcribed, from the above 
Caufe, are fo fmall, when compared with thofe arifing from 
Fridtion and Expanfion, as fcarcely to come under the nicefl 
Obfervation. 


PROPOSITION III. 

Suppofing that a heavy Body , ofcillating in a Cycloid , is refijled 
by a rare and Jtmilar Medium in the Ratio of a given 
Power of (n) of the Velocity ; to fnd the Excefs of the Arc 
defcribed in the whole Dejcent above that defcribed in the 
fubfequent Afcent , and the Number of Ofcillations that will 
be performed bejore any other given Arc is defcribed , 
cr the Pendulum has lojl a given Part of its Motion . 

L ET ABD be the whole Cycloid, BC its Axis, EB 
the given Arc defcribed in the firft Defcent, B F that 
defcribed in the fubfequent Afcent, and FG the required 


C D 



Difference of thofe Arcs; and, fuppofing the Body to be 
arrived at any Point S, let its Velocity there be the fame as 

it 
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it would acquire in freely defcending from Reft thro’ the 
Arc eS by an uniform Gravity equal to its fpecifick Gra¬ 
vity in the given Medium ; and let d be to the Length of 
the Arc B D, as the faid Gravity to the Refiftance, which 
the Body would fuffer with the Velocity that it 
might acquire, from that Gravity, by freely falling thro' 
CB: Draw EHG, SR, (Sc. parallel to AD, and let 

h,a, and z, ftand for BD, BE, Be, and BS refpeftively. 
Therefore, the Velocity acquired in vacuo , being in the fub- 
duplicate Ratio of the Diftance perpendicularly defcended, 
R^|», or its Equal A —zz (from the Property of the 
Curve) will be as the Velocity at S axid therefore ~~ f a -f « k 

the Fluxion thereof, as the Increafe of that Velocity: But 
this Increafe depends upon two Caufes; the one, the Force 
of Gravity, and the other, the Refiftance of the Medium 
If the Medium did not refift, A would be conftant, and 


therefore the Increafe of the Telocity barely as — 
wherefore, the other Part, arifing from the Refiftance, muft 
be aS and > confe q u ently, the refilling Force of the 


Medium, to that Part of the Gravity by which the Body is 

, or, as A to But 


accelerated, as — 

s/ A — a 




this Part of the Gravity being to the whole, as z to b , by 
the Property of the Curve; the Refiftance will, it is mani- 
fe ft, be to the fpecific Gravity, as A to 2 bz. Moreover, be- 
caufe the Velocity, at the fame Point S, is to the Velocity 
which would be acquired by freely defcending (as above) 
along BC, as A —zz : b } the Refiftance, with the for¬ 

mer o thofe Velocities, will be to the Refiftance with the 
X latter, 
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latter, as A — zzl 2 to b\ or, as A to b\ and, con- 

fequently, the Refiftance at S, to the Force of Gravity, 

_* _ __ * 

as — to d : Wherefore, it will be as *~ zzi * ; j ... 

b n — 1 9 b n ~~ X 

A : 2 b z ; whence —- = z x A ~ - z ^ , from which Equa~ 

tion A may be determined by the known Methods of in¬ 
finite Series, &c. be the Medium what it will : But, in a 
very rare one, fuch as is fuppofed in the Proportion, the 
Thing may be, otherwife, much more eafily effeded. For, 

then Ee, being, at its greateft, exceeding fmall, a a _ 

zz, may, without fenfible Error, be fubftituted in our. 

Equation for A — zz ; which done, we have — equal 


* x 


And then the Fluent of the latter Part 
thereof, when z is equal a , and n an even Number, will 


g — 
db n 


be found to come out 




db 


‘~into-L X -± " 6 9 


X — X —> 
5 7 9 


Gfc. to dL Fadors 3 and when 2; equal a , and n an odd 

2 


Number, equal to 


3.14159. &V. V g” - !" 1 
zdb n — z 


in 



&c. to Fadors; from which two Expreflions, the Flu- 
2 

ent of the faid Part, in any intermediate Cafe, where n is a 
Fradion, may, by Interpolation, be nearly obtained : But, 

JL the Fluent of the contrary Side, when S coincides with 


B, is = 5 il T and when S and e coincide with E, equal 


BE a 
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•, wherefore, if s be put for the Uncia of the Fluent, 

equal 


above found, we lhall have iiHl equal 

db n —* 1 


BE4-B^XBE — Be _ BE + B?XE# T_ i. r . 

-- 2 -: — — - — ; whence, becaufe B e is 

nearly equal to B E, we get Ee = JilL , that is in the a- 

forefaid Circumftance, when S coincides with B j therefore 

7 bn—z > the double thereof, will, it is evident, be equal to 

F G very nearly. ^ £. T. 


Let x , now, be the Number of Vibrations performed be¬ 
fore the Pendulum is brought to defcribe, in its whole De¬ 
cent, any fmaller Arc (E): Then, fince (E) the Decre¬ 
ment of this Arc, in one entire Ofcillation, or while * is in- 


creafed by i, or x, is found to be = , we have E — 

db n —** 


2,E" 


db n—z » or db n—2 > an£ * therefore a: = 5 whence x = 


db n — 2 E 1 — n — a 1 —« 




C O R O L. I. 

T H E Difference of the two Arcs defcribed, in the De- 
fcent and fubfequent Afcent, is in the Ratio of the 
fame Power of either of thofe Arcs, as the Refiftanceis of the 
Velocity, 


CORO L* 
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COROL, II. 

T H E Refiftance being in the duplicate Ratio of the 
Celerity, and the Lengths of the two Arcs given; the 
Number of Ofcillations betwixt the Times of defcribing 
thofe Arcs will continue the fame very nearly, let the Cy¬ 
cloid, or Length Qf the Pendulum, be what it will, 

COROL. III. 

I F the Refiftance be either uniform, or dire&ly in the 
Ratio of any Power of the Velocity lefs than in the 
fimple Ratio, as the fubduplicate, fubtriplicate, the 

Body will continue vibrating ’till it hath compleated 

, d n '~ n - entire Ofcillations, and then will have entirely 

Zi b X rw* 
loft all its Motion. 

COROL. IV. 

W HEN the Refiftance is in more than the fimple Ra¬ 
tio of the Velocity, the Motion will be prolonged 
ad infinitum . 

COROL. V. 

L ASTLY, if any two Arcs of the Cycloid, or fmall 
Arcs of a Circle, be taken in a given Rati© to each 
other, the Number of Vibrations performed between the 
Times of defcribing thofe Arcs, in one whole Defcent of 
the Pendulum, will be nearly in the inverfe Ratio of that 
Power of either of the faid Arcs, whofe Exponent is lefs 
by Unity than that exprefting the Ratio of the Refiftance; 
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that is, if two Arcs, A, B, be taken in the fame Ratio, as 
two other Arcs, C, D, the Number of Vibrations betwixt 
defcribing the two former, will be to the Number betwixt 
defcribing the two latter, in one whole Defcent of the Pendu¬ 
lum, as O-i to A —i, or as Dto B From whence, 
and the foregoing Conclufions, not only the Law, but the 
abfolute Refiftance of Mediums may be found, by obferving 
the Number of Vibrations performed therein by given Pen¬ 
dulums, in lofing given Parts of their Motion. 


A new Method for the Solution of Equations in 
Numbers. 


CASE I. 

U ' hen on, y one Equation is given, and one Quantity (x) to 
be determined. 


T tt wdlW- 6 F1 r Xi0n 0f tfae S iven E ^ tion (be it what 
ki n . u PP ofin g, x, the unknown, to be the varia- 
e Quantity; and having divided the whole by x let the 
Q^ottent be reprefented by A. Eftimate the vie ofx 

as a If ” ear u TlUth ’ fubftltutin S ‘he fame in the Equation, 
•Nurri° ' n 1 *1. ' U£ an d * et ‘he Error, or refulting 

of a 61 the former > be div >ded by this numerical Value 
Value a r d thC ?^ 0tient be h*btra<fted from the Paid former 
Quanta ** ^ thenCC WlU arife a new Value of that 

S' 11 *; — near f t0 ‘he Truth than the former, where- 

and fo anothir 5 ^ S 6 ’ Value ma y be had - 

racy defired. * * 11 we arrive t0 an y Degree of Accu- 


Y 


CASE 
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CASE IT. 

When there are two Equations given , and as many Quantities 
(x and y) to he determined . 

T AKE the Fluxions of both the Equations, confidering 
x and y as variable, and in the former collect all the 
Terms, affeded with *, under their proper Signs, and having 
divided by *, put the Quotient = A j and let the remaining 
Terms, divided by y> be reprefented by B: In like manner, 
having divided the Terms in the latter, affeded with i, by x r 
let the Quotient be put = a , and the reft, divided by y t = h, 
Aflume the Values of * and y pretty near the Truth, and 
fubftitute in both the Equations, marking the Error in each, 
and let thefe Errors, whether pofitive or negative, be figni- 
fied by R and r refpedively: Subftitute likewife in the Va- 

lues of A, B, a,b, and let and be convert- 

ed into Numbers, and refpedively added to the former Va¬ 
lues of x and y, and thereby new Values of thofe Quanti¬ 
ties will be obtained > from whence, by repeating the Ope¬ 
ration, the true Values may be approximated ad libitum. 

Note, I. That every Equation is fir ft to be fo reduced by 
Tranfpofition, that the Whole may be equal to Nothing. 

2. That,, if after the firft Operation, the Value of * or 
y be not found to come out pretty nearly as affumed, fiich- 
Value is not to be depended on, but a new Eftimation made, 
and the Operation begun again. 


3’ 
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3- That, the above Method, for the general part, when 
x and y are near the Truth, doubles the Number of Places 
at each Operation, and only converges flowly, when the Di- 
vifor A, A aB, at the fame time converges to nothing. 

EXAMPLE I. 

L ET 300* — x 3 — 1000 be given = o ; to find a Va¬ 
lue of x. From 300* — 3x 2 x, the Fluxion of the 
given Equation, having expunged x, [Cafe I.) there will be 

300_ 3xx=A: And, becaufe it appears by Infpedtion, 

that the Quantity 300* — x 3 , when x is = 3, will be lefs, 
and when x=4, greater than 1000, I eftimate x at 3.5, 
and fubftitute inftead thereof, both in the Equation and in 
the Value of A, finding the Error in the former = 7.125, 
and the Value of the latter = 263.25 : Wherefore, by taking 

^ 2 L — ,027 from 3.5 there will remain 3473 for a new 

Value of x 5 with which proceeding as before, the next Er¬ 
ror, and the next Value of A, will come out .00962518, 
and 263.815 refpedively; and from thence the third Value 
of x = 347296351 j which is true, at leaft, to 7 or 8 Places. 

EXAMPLE II. 


ET s/ 1 —x 4- s /1 — axx 4- \/ 1 —3X 3 —2= o. 
4 This in Fluxions will be 


Vi-. 

, and therefore A, here, = — 


*J 1—2**1 




s/ 1 —2 


I 



wherefore if x be fuppofed = .5, it will become 

And, by fubftituting 0.5 inftead of x in the 

given; 


.given Equation, the Error will be found .204 3 therefore 

(equal — .057) fubtrafted from .5, gives .557 for 

the next Value of x; from whence, by proceeding as be¬ 
fore, the next following will be found .5516, &c. 

EXAMPLE in. 


E T there be given the Equations y -f- s/ y* __ 

10 = o, and x+v/ yy x — 12 = o ; to find x 


and y. 

The Fluxions here being y and a;-4- -11 +i* 

vyy xx ✓~Jy _|_ x 

or y-h 

Vyy —xx 

we have A equal 



1 -f- 


•Syy + 


■, and b — 


•Syy + x 


0 Cafe II.) 


Let * be fuppofed equal 5, and y equal 6 3 then will R 
equal — .68, r equal — .6, A equal — 1.5, B equal 2.S, 

a equal i.i, b equal 93 therefore = .23, and 


Tu-H t b' = *37» and tIie new Values * ^d y equal to 

5.23, and 6.37 refpe&ively 3 which are as near the Truth 
as can be exhibited in three Places only, the next Values 
coming out 5.23263 and 6.36898. 

Note, When Equations are given to be folved in this 
manner, it will be convenient, that they be firft of all re¬ 
duced to the moft commodious Forms, to facilitate the Ope¬ 
rations, whether into Fractions or Surds, or vice verja : 
Eor Inftance, the Equations in the lafl Example had been 

much 
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much eafier folvcd, had they been firft reduced, out of Surds, 

to 20 y—~xx~ 100 = 0, and yy — x x -+■ 25 x _ 144 

equal o, or, by exterminating y, and working accord¬ 
ing to Cafe I. whereas, on the other hand, to have reduced 
the Equation, in the preceding Example, out of Surds 
(as is ufual in other Methods) would have rendered the 
Trouble of Solution almoft infuperable. 


EXAMPLE. IV. 


T_, e t 49 X * -sb»- 2 * xi ~ m* =°» and8 'x 


,+j’ 1 * 49 * 1 T — *- °- 

Here, taking the Fluxions of both the Equations, and 
proceeding according to Cafe II. we have A equal \ 9 x 

1 -£ Sr V , B — 9 s * . _ ^ __ — )6z x 

7+7' ~7+y 

49 X -y J^T y and b = *= 1 - 4, 49 x x 


Suppofe .8, and y = .6 ; then will be found R = .4 c 
’-2. 66 A = 6 8 B = 20.7, * = — 131, 3=146, and 
me next Values of * and y equal to .799 and .5825 with 
' V , repeating the Operation, the next following will come 
out .79912 and .58138, both which are true, at Jeaft, to 4,- 
aces: But, if a greater'Exa&nefs fliould be defired, let the 
peration be once more repeated, and then the next Values 
be true to double thofe Places. 

y a i ue ^• ^kh° i n feyeral Cafes it happens, that the required 
> om the Equations themfelves, cannot be aflumed 


near 
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near the Truth without fome Attention and Trouble j yet, 
from the Nature of the Problem from whence thofe Equa¬ 
tions are derived, when that is known, the Trouble may be 
avoided, and the Thing effe&ed without any great Difficul¬ 
ty : For inftance, tho' it is not eafy to perceive, that y and 

x are about and in the laft Example yet, when it is 

Jtnown, that I, x y and y , are the Sides of a Plain Triangle, 
wherein Lines, drawn to bifedt each Angle and terminate in 
thofe Sides, are to one another, refpedtively, as 5, 7, and g , 
the Thing then appears evident upon the firft Confideration. 

EXAMPLE V 



ET x x -f -yy —1000=0, and xy-^yx —100 = 0. 
Here we (hall have A= 1 -q-L : x x**, B equal 


1 + L : y xy y > a = -JT X x y -hy * L :y, and b equal 

Xy x -f- x y h : x. Now, it appearing from the firft Equa¬ 
tion, that the greateft of the two required Quantities cannot 
be letter than 4, nor greater than 5 ; and from the firft and 
fecond together, that the Difference of .v and y muft be 

pretty large 5 other wife at* could not be 10 times as 
great as x y -f- y * : I therefore take x (which I fuppofe the 
greater Number) equal 4.5, and y equal 2.5 ; and then by 
a Table of Logarithms, or other wife, find the next Values 
of thefe Quantities to be 4. 55 and 2.45 ; an ^ the next fol¬ 
lowing 4.5519, &c. and 2.4495, refpcdtively. 


Of 
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----- 

Of INCREMENTS. 

PROPOSITION L 

Z/, n, n, n, n, n, n, &c. be a Series of Terms in a de- 
creafmg Arithmetical Progreffon , whofe common Difference 

r 

75 71 > a7l d n n n .... x n j a Product arijing from the 
Multiplication of any Number , r, of thofe Perms , imme¬ 
diately fucceeding each other , continually together ; and if 
each of the FaBors in this ProduB be increajed by the co?n~ 
mon Difference : I fay, the ProduB it felj will be increafed 

h r nx n n ?i.... x n taken under the firft Values of 
thofe Quantities, 

J? ° R » fince n > increafed by the common Difference, be¬ 
comes equal to n ; and n , increafed by the fame Difference, 

equal to n , £?r. Gfc. it is manifeft, that the new Value of 
the faid Product, arifing from fuch an Increafe of its Fa&ors, 

will be equal to n n n,.x n , under the firft Values of 
thofe Quantities, from which taking the former, or given 

r—I 

Value of that Produdt, we have n n n . ,,X n — n n n,,, 

L , m tn r-, ^ 

x nz=z n n n,,, x n into n — n for the Increment j which, 

becaufe the Excefs of n above n is equal to r times the 
common Diff erencej Wl \\ confequently be equal to r n x 

r —i 

V. E. D. 


COROL- 
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COROLLARY. 


S 


I N C E the Increment of n n n .... x n is proved to 

r —i / u r 

be ~rnxnnn....x n , that of ” n n — \ ~ ” ■ muft 

r n 


confequently be n n n -x n : Whence, to find a Pro¬ 

duct of this kind from its Increment given, the following 
Rule is derived, /. e. Increafe the Number of Factors, by 
annexing to them the next inferior Term of the Progreflion, 
and divide the whole by the Number of Factors, thus 
increafed, drawn into the common Difference. 

t —i 

Note , That n Rands for the Term of the propofed Pro- 
greffion, whofe Diftance from n is r —i, when on the de¬ 
fending Side, and n when on the afcending Side j the like 

t —t 

is to be underftood of any other. 


EXAMPLE I. 

L E T a Product or Quantity, expreffing the Value of 

I + 2 H“ 3 + 4 ‘H-5”F. n be required j or, which is 

the fame in effedt, let it be required to find an Expreffion 
fo affedted, that increafing n by i (or writing therein n+-i 
inflead of n) it fhall be augmented by n+i. Then, if 

n ? n , n , &c. be affumed for a Series of Numbers in Arith¬ 
metical Progreffion, whofe common Difference is i, accord¬ 
ing to the above Notation, we fhall have n equal to the gi¬ 
ven Increment in this Cafe; to which annexing *7, the next 
inferior Term of the Progreffion, and dividing the Produdt 
(nn) by (2) the Number of Fadtors, drawn into the com¬ 


mon 
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mon Difference j there comes out \nn,ot ^ \ *jl > w hich 
is equal 14-24-34-4-1-5 ... 4the Value propofed. 


EXAMPLE IL 

L E T it be required to find the Sum of a Series of Cubes, 
as 148+27+64+125, &c. Put n for the Num¬ 
ber of Cubes to be taken, S their required Sum, and S the 
next fucceeding Cube of the Series after the laft in S, or the 
Increment of S that will arife by augmenting (n) the Num¬ 
ber of Terms by Unity: Then, becaufe 1 is equal to the 
Root of the firft Term, and alfo equal to the common Dif¬ 
ference, the Root of the Term S, it is manifefl, will be = 

«+i ; or, if », ff, n , «, be put for a Series of Num¬ 
bers whofe common Difference is 1, equal to «; wherefore 
S is equal nnn. But to bring this Value of S to the Form 

of the Propofition 5 inftead thereof, let its Equal x 

«X«+ 1, or 7 inn-\~n be fubftituted ; then S, according to 

nn nn tin 

the Rule, will be —— + — where, for nn , writing its 

Equal nn — 2, it will become S = — — ” - r -- 

-• 44 


A a 


EXAM- 
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EXAMPLE III. 

T O find the Unciae of a Binomial raifed to a given 
Power. 

Let ci -4— b be the propofed Binomial, n the Exponent of 
its Power, and let B, C, be the required Unciac, or, 
which is the fame in effetf:, let a-\~b^ n be = a n 4- B a ”“ 1 
Xb + Ca b 2 -+-Da n ~ 3 b 3 , &c. 

The Equation multiplied by a-\-b becomes a -\- = 

wherefore, becaufe the Unciae of the Power, whofe Exponent 

is $ n ? are ( B, C, D, E, F, G, &c. 

l«+i\ 1 1, B+x, CfB, D+C, E+D, F+E, G+F.GTr. 

it is manifeft, that the Values of B, C, D, &c, are fuch, 
that increafing (») the Exponent by Unity, they will be 
increafed by 1, B, C, &c. refpedtively. But the Increment 
of B being = 1, the Value of B, or Increment of C, will 
he = n ; and therefore C, or the Increment of D, equal to 

— 5 therefore D equal to —. therefore F equal to 

&c. &C. where n, n, n, Rand for n—i t 11—2, n— 3, 
&c. refpedively. 


PROP. 
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PROPOSITION II. 

Suppofng n, n, n, n, n, &c. to be as in the laft Propofition : 
^ fiy> if each Fabior m the Denominator of the Fraction 
" X » x ~ x *.... /. be dimtnifhed by the common Difference , 

r —i 

ihe Fraction itfelf will be increafed by r ” . 


»»»».... n 


J^OR, fmce n, diminilhed by the common Difference, 
becomes equal to n ; and n, diminilhed by the tame 

Difference, equal to n, &c. the new Value of the faid Frac¬ 
tion, ariling from fuch a Diminution of its Fadtors, will, it 
is evident, be equivalent to--1- , under the firft 

»»»».... ft 

r —2 

or given Values of thofe Quantities; and therefore the In- 
creafe thereof mull be- - ----!_ equal to 


equal to 


r —i 
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nn n n . " 


f^E. D. 


—— , becaufe n — nequal torn. 

'nnnn . . , . n r— I 


COROLLARY. 
HEREFORE, the Quantity, or Fraaion, whofe 


w Increment is ---- being nnn „— n , the 

n nn n.. . . tt r—i 

r —i 

Quantity whofe Increment is -- - - muft confequently 


nnn.... » 


b e 1 _: Whence to find the Value of a Fraction 

rn X ***• •- 

r—I 


of this kind, from its Increment given, there arifes this 
Rule. Strike out the lead; Fadtor in the Denominator 
of the given Increment, and inftead thereof put the 
Redtangle of the common Difference of the Fadtor s into the 
Number of remaining Fadtors j the Refult will be the Va¬ 
lue that was to be found. 


/ 


EXAMPLE. 

L ET it be required to find the Sum of the infinite 
Series ~ ~ & c \ or one fingle Frac¬ 

tion 
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tion (if poflible) that fhall exprefs the Value of, _L 

4 > 

■f + yj . Here, if the required Fraction be confidered 
as made up, or generated by a continual and regular Ad¬ 
dition of the Terms, &c. , j- of the 'propofed Se¬ 

ries, then being the next fucceeding Term of the Pro- 
greflion, or the Increment of the faid Fraction, the Fraction 
it felf, by the foregoing Rule, will be = — 2 ^ z = — 

In like manner will be found 


7- + — + -1- + —. &c. = x. 

*•* 2.3 ^ 3 + 4 5 

+ &C. =-i-. 

1.2.3 T 2 - 3-4 3 * 4*5 2.2 

— 1 — + — l — + —, &c. = - 7 - . 

1.2.34 2-3 4-5 3-4 S-6 2-3 3 

- 1 . _ l _1_ l _ A_ ' - 

1.2.34.5 T 2.34.5.6 3 4 S- 6 - 7 * ‘ , 2 - 3-4 4 * 

I I_ l _, I _ _I_ 

I.2.3.4.5.6 T 2.34.5.6.7 ^ 34.5.6.7.8 * ^ * “ 2-34-; 


iV. B. That in finding the Value of any Quantity by 
the Methods foregoing, it ought to be well confidered, from 
the Nature of the Queftion, whether that Quantity confifts 
barely of fuch Fra&ion, Produdt, or Products, as are fpe- 
eified in the Propofitions, or thofe joined to fome invaria¬ 
ble Quantity (as is done in Fluxions) and Allowances is 
t0 be made accordingly. 


Bb 


An 
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An Invejligation of Sir Ifaac Newton’* Theorem for finding the 
Sum of a Series oj Numbers by means oj their Differences. 

L ET by c, d, e, f, g, h, &c. be the given Series of 
Numbers : Then, by taking each of them from the 
next fucceeding, there will be — a-\-b, — b-\-c t — c+J, 

,_ d-\-e t — f-\-gy f° r the firft Differences: Again, taking 

each of thefe Differences from its fucceeding one, we have 
a— - 23 +f, b— 2 C+d, c—2d+e, d-'ze+f.&c. for the fe- 
cond Differences. In like manner the third ‘.Differences will 

be found — * + 3 ^ — Z c + d> —< b + l c ~ Z d + e > — c + 
e ~\-f &c. and the fourth, a — \b -f 6c— e, 

1 _ J^bd— \e -j-/, &C. &c. Let the firft Difference of 

the firft Order be called D, the firft of the fecond Order D, 

the firft of the third Order D, fcfr. then we fhall have a = a , 

b=.a + D, c =—a + 2t + D, d—a — 3^ + 3^ 
and from thence by Subftitution, 

a = a 

b = a + t> 
c)=- a- {-2D + D 
i/=^+3D + 3 D + D 
ez= a-\- 4 D -f- 6 D + 4D + D. 

where the Law of Continuation is manifeft, the Unciae of 
the Values of c, d , e , &c. being thofe of a Binomial, railed 
to the fecond, third, fourth Powers, &c. Therefore, if n be 
put for the Number of Terms in the propoled Series a -f ^ 
+ c + d, &c. whofe Sum we are about to find, the Value 

of 
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of the neyt Term in the Progreffion after the laft in that 
Series, or that whofe Place is defined by »-{-1, w ill, it is 

plain, be equal to a n D-\-nx ~ D + n x Lri x 

3 & +nx i x -j— x D, CSc. And fo much will 

the faidSum be increafed by augmenting n, the given Number 
of Terms by Unity; which Sum, therefore, by the firft of 

the two foregoing Proportions, is n a-\-n x D » x ” ' x 

'-^-b+nx^x'-^x'^V,Vc. &E.I. 

example. 

S UPPOSE a, b,c,d, (Sc. to be a Series of Squares 
as 9, 16, 25, 36, &c whofe Roots are in Arithme¬ 
tical Progreffion; then will the firft Differences be 7, 9, n, 
>3, (Sc. the feeond, 2, 2, 2, (Sc. the third, ©, o, (Sc. (Sc. 

Therefore * = 9, D . 7, D 2, D = o, D = Q , &c. and 
confequently »a + „ x !=i t>, equal 9 „ +nx *_-_i x? 

+ »X T X T X2= 9+16+23 + 36+49, &c. con- 
tinued to n Terms. 

In the fame manner the Sum of a Series of Cubes , Bioua - 
+«**, &c. may be found. 1 ' 
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An eafy and general Manner of inveftigating the 
Sum of any recurring Series. 


PROPOSITION. 


Suptofing p, q, r, s, &c. to be any Quantities, either posi¬ 
tive or negative, and A+B+C+D+E, &c. a recurring 
Series, or one whofe Terms A, B, C, &c. are fo related, 
that any one of them , being multiplied by p, the next follow¬ 
ing, by q, the next in Order, by r, &c. the Sum of all the 
Produffs, thus arijmg, Jhall be equal to o : To find (x) 
the Sum of fuch a Series. 


B ECAUSE, by Suppofnion, /iA + jB + rC, &c. 

is equal o, p B +?C + rD, S? c. equal o, p C+ ? D 
_l_ r e j &c. equal o, &c. &e. it is evident, that the Sum of 


p B -f-gC+rD + iE, £s?<r. 

allthefe,,/>C+ ? D+rE + rF, (Sc. 

or, j pD + ?E+ rF+iG, &c. 
p E + yF+rG+iH,®f. 
Gfe. &c. &c. &c. &c. 


I mu ft confe- 
>quently be 
I equal o. 


Where, becaufe A + B 4- C * s — x > B-f- C-j-D, 

tf c . = x — A, C + D + E, & c . = A—B, &c. &c. the 
Value of the firft Column towards the Left-hand will be/*; 
that of thefecond, qxx^ A; that of the third, rxx —A—B; 

that of the fourth, jxx-A-B-C, &c. &c, and therefore 

px 
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f x -f* q X A'+ r x *—A — B 4 - s x A—imc 7 Gfc. 

or yA + rx — rx A-f-B —ixA-|-B + C, 

=0 • hence _r — ? a+^a-M-Hx a + b+c+'X ^-f-B+c-fp 
&c. %.E.I. 

EXAMPLE I. 

T" ET the Series ay + y* +Li, (= *) be propofed, 

where /equal —7 = 0, r = o, j = o, £?r. A—ay, 

B Off, then will x — *A+ r * A + b » faff, become — 

P+i> &c- «—y 

in this Cafe. 

EXAMPLE II. 

JET J- H- £ - £ + £, Cfc. = *, where 
/=i, q=2z\ r= z \ s = o, t= o, &c. Then A 
being = 1, B^-L, Gf ft ?A +;*^+f g t . ( = * )wiu 


here become 


#5 6 — K 3 
Z 6 + 2Z 3 +1 * 
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A Method for finding the Sum of a Series of 

Powers, &?c. 

PROPOSITION 

To fnd the Sum of any Series of Powers whofe Roots are in 
Arithmetical Progrefion , as m-\-d\ + m -\- zd\" -(- 

m fd\ n .* , m t d, and n t being any Num¬ 

bers whatfoever. 

L et a*” +i + b/ +c/ - ' + Dx "~ 2 h- 

E.v” 3 + Fx 4 , &c. —K, if poflible, be al¬ 
ways' equal to m-\-d { -f- m -f- 2 d x . x ”, and A, B, 

C, &c. determinate Quantities: Then, if any other Num¬ 
ber in the Progrelfion m -+- d, m -f. 2 d, m -f- 3 d . x-\-d> 

x —f- 2 d y x 3 as x -I- dy be fubflituted inftead of 

x, the Equality will Hill continue; and we fhall have 

Ax*•+■ ^ -j- P X x~\~d\ -f-C x x -f- d 1 -f-Dx#-f d 

fifa. — K equal m -|- * 4- m + zd^ .I+2 1 f ro m 

which taking the former Equation there remains Ax*-f d "~^ 1 
—* -f Bx x-\-d { —-.v +C xx-\-d —* , &c. 

z=zx^\-d\ n , flawing how much each Side is increafed by aug¬ 
menting the Number of Terms in the given Series by Uni¬ 
ty; where, by tranfpofing x+d , and throwing the feveral 
Powers of x 4- d into Series, we have 


— x 
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From which, by equating the homologous Terms, A will 
come out = B = ', C = ~ , D =0 , E = 

2 * 3 ‘ 4 -S' 6 2 3 4-5 6-7-6 

H = o, fire. wherefore the Values of A, B, C, fife. being 

afli gned, the whole Exp refiion, or its Equal_ 

+ ax*+2'" + -/ t ‘+Bx e?,. mHft 
be equal o, and confcquently A xx-f- 2 1 *"*’ 1 _+ ‘ 

Bxx + d\ — x,CSc. = * + </; that is, let * and n be 
what they will, the forefaid Increments of A*" - ' -fB*” 4. 

C* , &-C. — K and m + d\ +m+z /'* , &c. will, un¬ 
der the above affigned Values of A, B, &c. be equal to 

one another: Therefore, if K betaken equal Am" + ‘ + 
Bm + C m , (Sc. fo that when x equal m, or the pro- 
pofed Series is equal to Nothing, A*” +, _LBx” ft? _ 
K may be alfo = o, it is manifeft, that thefe two^Ex- 
preffions, as they are increaied alike, will, i n all other Cir- 

cumftances, be equal 3 that is, let x be what it will A*” +I 
+ B/ + Cx'"'+d/" ! , (Sc. 

_ n —1 n— 2 

— C m — Dm , &c. under the faid Values of A, B, 

C, will be always equal to m-\-d^ n -f \ n _{- 

tn + l d \ which Values being therefore fubftituted, 

there will be ———. -L ——L — — _ ”X»—1 x»— 

»+.x'f 2 t 3.4 - 

+ 


— 
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I'ytt—iXn—lXn—xXn —4 s 5 »X«— »X«— 2X»— 3 , . r *_ 7 

2.34.5.6.7.6 * 2.3.45.6.7.8.5.6. * 


, »X»~i X”~2X*—3X«—4X*—?X*—6X»—7X«—8 1 9 * 9 

2^3-45 ^-7 ; 8-9-1' * 


W 1 

M- 1 X d 


*X» —iV#—z 


2.3.45.6 


,sv. _ 


Xd'vi"~\ &c. 


— m + d* + wj + 2</' + w + 3 </i' 

^ £. /. 


H 


CORO L. I. 

E N C E, if n be a whole pofitive Number, and m be 
taken equal o; then all the Terms in thefecond Series 

■— vaniihing when n is 

n -{- I 2 34 

even, and all but that where the Exponent of m is no- 
thing, when odd, we fhall, in this Cafe, have d"+ 2 d* 
+ 3 “ + 4 " 1 x tardy equal to JL - : + 


- + 


»X* — I Xn—zd' x n ~ 3 


*+1 X d 
, &c. the firft Series 


34 2 . 3 . 4 . 5:6 

continued ’till it terminates, provided that the laft Term, 
when n is an odd Number, be rejected. 


COROT. II. 


W HEREFORE, by taking d equal to i, and n 
equal to 2, 3, 4, 5, &c, fuccelTively, we have 


D d 


j 







( 
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I +2 +3 +4 +5 .. 

. 4 -* = L 1 +jL 

2 2 


i 2 + 2 i + 3* + 4* + 5 1 -* 

. - i -*‘ = L 3 . + ll + ^ r 

3 2 u 


r» + 2 ! + 3S + 4 J + S 5 • • 

<1 *• ^ v 3 ^ 

• +x =-T+-r + T 

4 2 -r 


i4 + 2 4-j-3 + + 4 + H-J 4 . . 

A AT ^ v ^ ^ 

•-*-* =T + T + T“ 

* 

30 

i 5 +2 s 4-3 s + 4 s + 5 s . . 

•+* s = ; r+ i f +^- 

O 2 12 

AT * 

12 

i 6 -f- 2 6 + 3 6 + 4 + 5 6 •• 

it v 7 ® v 5 

• -t-^^+v+V- 

* 3 *■ 
7T"*~ 7 * 

&c. 




C O R O L. III. 


M OREOVER, if d be taken equal to i, and m 
equal to i, our general Equation will become 


'« + ! 


2 ••+*"-ttH-t- + nJ TT> &e - 

i xjf—2^ each Side of which being 


* 7 77 + ‘ 


2.3-4-5-6 


r »-f 1 


increafed by Unity, and the whole multiplied by d n gives 

d n -f2 ~d Xn + 3 d ]n + -+ d x] ” = in 

»X»—»X«—z.r”“3 re? _i_ . 1 

-j-^ 7 6 , %sc. — W+I — 


+ V + 

-rr ■+“ 


• n — 1 

“ 2.3.4.5.6 

«X «—I X»—2 
2.3.4.56 ’ 


EXAMPLE I. 


L ET it be required to find the Sum of a Series, con¬ 
fining of 100 Cube Numbers, whofe Roots are. 


4-,L 4-, 2, -j-, 3, &c. 


Here 
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Here d t the common Difference of Roots, being equal —, 
* = 3, and x = o, let thefe Values be fubftituted in the E- 
quation in Cor. II. and it will become ^ in , ^ -f- 

^ = ) 3*87812.5 , the Number that was to be 

found. 


EXAMPLE II. 

L ET n = -h-, d == . Then the Equation in the 

Iaft Corollary will become + — 1 + “j” **•• + “ 

= — x 2 x * -- + — + — tt -| j Gfa — ^2- very nearly ; 
4 3 ' 2 24 X * 1920 ' ^ 9 

_ ( i _____ £ _ T 

fo that, taking * equal 4, it will be J- -j- JL 11 _ 3 _ l 

444 

+ 1 = 3.0731 ; which differs from the true Value by lefs 
than T cW - r and if more Terms had been ufed, the Anfwer 
would ft ill have been more exaft 3 but never can come accu¬ 
rately true, when n is negative or a Fraction, becaufc then 
both Series run on ad infinitum . 

S C H O L I U M. 

j'HE Theorems, above found, are not only ufeful 
JL in finding the Sum of a Series of Powers, but may 
be of fervice alfo in the Quadrature of Curves, &c. efpe- 
eially as the Conclufions will be accurately true, and the 
Reafoning thereupon fcientific.. 


This 
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This I (hall endeavour to (hew by the following Inflance; 
wherein A C, being fuppofed a Curve, whofe Equation is 

y-z (AB being equal 2;, and CB equal y) the Area 
ABC is required. 



Let AB be divided into 
any Number, x, of equal 
Parts, as Ab , be , c </, Gfr. 
and from the Points of Di- 
vifion let Perpendiculars b» 
raifed, cutting the Curve in 
the Points, j, 2, 3, &c. and 
having made p 1, q 2, r 3, 
s 4, &c. parallel to AB, let 
the Bafe Ab , bc> c&c. 
of each of the Re&angles pb , 
q c, rd , &£. be reprefen ted 
&c. the Heights of thofe Rett- 


angles, being Ordinates to the Curve, will be d \ 2 dl > 


&c. refpedively, each of which being multiplied 
by dy the common Bafe, and the Sum of all the Produ&s 

taken, will give d into d -4-2 d\ -f- 3 d* n . . . x d * * 9 
(= A p 1 q 2 r, &c. C B A) for the Area of the whole cir- 
cumfcribing Polygon j and this Series, according to the above- 

faid Theorem ( Car. III.) is equal to d — - + - ^ 


* 4- ^ X y |a , Gfr. or, becau fe dx = z, it will 

be = •+- ~~ > & c - Now, if from this the Diffe¬ 

rence of the Infcribed and circumfcribed Polygons, or the 
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Re&angle BT> = dz n be taken, there will remain _ z ^". l 

— for the Area of the infcribed Polygon. Hence, it 

is manifeft, that, let d be what it will, the infcribed Poly¬ 
gon can never be fo great, nor the circumfcribed fo fmall, a$ 

C ' ^ : And therefore this Expreffion muft 

be accurately equal to the required Curvilinear Area A C B. 


Of Angular Se&ions, and fome remarkable Pro¬ 
perties of the Circle, 

PROPOSITION I. 

7 he Radius A C, and the Chords Sine , or Co-Jme of an Arc , 
as A r, being given ; to find the Chord y Sine , or Co-fine of 
A R = m X A r 3 a Multiple of that Arc . 

L ET R H be taken = A R, and the whole Arc A H 
be divided into as many equal Parts, A r , rf &c. as 
there be Units in 2 m j and the Chords B r, B f &c. are drawn, 
as alfo the Radii Cr, CR, CH, and the Perpendiculars 
r P> R Ei calling AC, i; B r, y, Cp , x; C E, X ; rp, 
u ; RE, U j Ar 2 ,z-, and AH l =Z : Then, becaule 
any one of thofe Chords, as B /, is to Br-f BR, the Sum 
of the 2 next it, as BC to B /, by a known Property of 
the Circle, we (hall have y'x B/-Br 4- B R, or yxBf 

— Br = BR; and for the very fame Realon, y x B R_B f 

~ Bg, and y x Bg — B R = B i>, Gfc. &c. Hence, it ap¬ 
pears, that the Values of the Chords B f BR, &c. (which 
Ef to 
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to a Radius equal A B, will be Co-fines of the Angles A B/, 



A B R, &c. ) may be readily had one after another, by ta¬ 
king continually the Prod uft of the laid by y, minus the laid 
but one, for the next following: And thus are had, 

y' — 2 = Bf 

y z — zy- 
y*—4y 2 + 2 = Bg, 
y ! — 5 y 3 + sy = Bh > 

y 6 — 6 y* + 9 y 1 — 2 =BH, 

&c. & c. 

And generally, fuppofing Ay” -1 — B y”~ 5 4. Cy” —5 > £*• 
to denote any one Chord of the foregoing Order, and Ay 


rt —2 »-‘-4 „ . . , 

— By + C y , &c. the next to it; then the Chord 
next following thefe will be Ay *"^ 1 — By ’ 7 '” 1 4- Cy n ~~i 


&c. — Ay* 1 + By 3 — C y n 5 , &c. = Ay *"*' 1 

B 7 c 1 D] 

^ 3 ^ c [ & C ' From which 

(by the Method of Increments foregoing) A will come out 
= 1, B = n, C = n x —D — n x x , E = 

n X x X £?c. and confequently Ay " — By n -~ 
4-Cy" 4 , &c. = y* — ny n ~ z 4- n x 1Z2 y *~ 4 _« <’“ 4 

X y 4- « x —^ Xij-J X 8 , wherein 

if « be taken equal to the given Number m , it will become 
y m — my m ~ z -±-m x ^-ly w — 4 equal BR; but 

if 72 be equal 2 m, then it will bey” — ny ”~~ 1 -\-nx T, ~ I 

2 

y*~~ 4 > e q u al BHj where the Series are to be con¬ 

tinued till the Exponents become negative. Hence, be- 
caufe B/ is equal 2 x, and the Arc AH = «x A f it fol¬ 
lows, that the Chord HB will be — 2 _ m x Tx m ~ 2 

•+■ X 2x1 &c. and therefore, X (=CE) 


the required Co-fine being equal l H B, we have X = ZZ? w 


~~rX 2 X 1 


X ::: y- i> < 2x1 


^ 3 x - 2 X r-4_»_ , 

22 2 X - 

m .. »—<; ™—6 m — 7 1 

T X 2 x -X ——X 2X1 


Csfc. fhewing the Relation of the Co-iines; from whence 

U 
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U ( — ^ I — X 2 ') comes out = ^ i — * x\ t in y TjcJ ** ~~ 1 
x ”~S x - X 2 *' 7 , £?c. Furthermore, becaufe - - 

* — 2 i *>*—3 *—4- 

— n y +«X —-y \ csV. 

is equal CE, = -~-, A E will 

_ / *qV*~ 2 -*x^jr*“ 4 , e*. 
be equal to--—--+i; and there¬ 

fore AE x AB equal to — y n -Lny ”~ 2 — n ^~y ” — 4 
fcfc. + 2 = Z, where, if inftead of yy, its Equal — z 4-4 

n 

(AB 2 _Ar l ) be fubftituted, it will become Z= =±‘z 2 ^ 

n —2 ”—4 

nz~ =* nx — z * 1 ‘ 9 &c. equal ±z%2 mz m ~ l ^ 2 m 

2 

x 2 *»—3 x z m ~ 2 2mx — ~ 4 - x 2W ^ - xz m ~~ 3 =t2m 

x 2 ”* — s_ x 2 ”>— 6 y 2CT ^:2. xz m ~ 4 , &V. continued to 
as many Terms as there are Units in m. ^ E. I. 
Otherwife, 

Let the Lines rp y RE, be confidered in a flowing State, 
and ( mn) as equal to x; then we Ihall have i—xx 
(pr) : 1 (Cr) :: x : - - equal rn-, and this be¬ 

ing the Fluxion of the Arc A r, that of AR (equal m X 
A 1 will be _— - - } which, for the very fame Reafoo 
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that — - is the Fluxion of the A r , muft be equal to 
: Whence, equally multiplying the two Deno¬ 
minators by v/~x, we get ; where, 

k/xx—i v/x 2 —j * 

taking the Fluent on each Side, there comes out, either, 
Log.X-f-%/ X 2 — i =mx Log. a: -f- j, or,Log. 

X “v/XX-i = m Log. x— >/a:*“ 7 ; wherefore, 
X-f-x/X 2 —i and *-f- v/ **— i , as alfo , X_ 

v/ ^ 1 ~ 1 and 7 —the Numbers corre- 
fponding to thofe Logarithms muft be equal : Hence, 
by adding together the two Equations, we have 2 X = 

x + </xx— I 1 ” -t- x + Sxx— i'”, and by taking 
their Difference, 2 \/X 2 — i = a:v/a;* _jl 

* >/** — w i from whence, by expanding the latter 

Part of each of the Equations into Series, and dividing the 

whole by 2, there will come out X=at* -f *» v 


X xx — i + mx l 


■x m ~ 2 -x 


m — 3 
4 


h x xx — i: 2 


Gfr. and %/X 2 — i = v /at a-—7 a: *’- 1 x rirU 

* x m ~~ 3 x xx — 1 » Gfc the former of which being 

re duced into fimple Terms, givesX = ~ _ w_ "* 

T”* * 2 * 1 4 » the very fame as above 

found. And the latter, by multiplying by — i r to 
G g take 
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take away the imaginary Quantities, and fubftituting U and 
u in dead of their Equals s/ i—X 2 > v/i xx , becomes 


U =uin, mx i — 2 


” ~ 1 x - ~ 2 X— 
2 3 


x i — «« 1 2 -+• m x 


~ * T“ * 4 X 5 


i uu^ 2 x « 4 , &c. which, in like manner, being redu¬ 
ced into Ample Terms, will be U = mu — m x X 


m 1 — i m — Q 

Z *zrJi xu\ &c. ^ E. I. 

t>*7 


4-5 


C O R O L. I. 


B ECAUSE the lafl: Equation, as appears from the 
Procefs, will hold as well when m is a Fra&ion as 
when a whole Number; let m, or the Multiple Arch A R 
(= m x A r) be fuppofed indefinitely fmall; then will m u 

+ Gfr, the 

Sine of that Arch, or the Arch it feIf (which in this Cafe 
may be confidered as equal to it) become mu -b-~ + 

r)fnu5 _ j_ F X2t; * 7 - Gfr. and therefore the Arch A r 

2 -3-4-5 *-3-4-5-6.7- 

^ j whofe Sine is */, will, it is manifeft, be =»-f- 

tL JL 3 - 3 * 5 . 3 - 3 - 5 -S «-L _i_ 3 - 3 - 5 -S- 7.7 a 9 « 

*.3 “ 2-3-4-S « 3-4-5-«> 7 “ 2.3.4.5.67.8.9’ 


COROL. 


(I”) 

C O R O L. II. 


I F A r be fuppofed indefinitely fmall, and m indefinitely 
great, fo that the Multiple Arch mxAr (= A) may 
be a given Quantity j then fince u may be confidered as 

equal to A r, mu will be equal to A, and mu — mx 

2 ’3 


X U 3, the Sine of A, equal to m u 
or A — 


A ^ 


* | m 5 u 5 

*•3 * 3-4 S 

becaufe i. 


A 3 , _A 5 

2.3.4.5 z ~ 3-4 5.6 7 3 oecaule 1, p > 

25, &c. in the Faftors »‘-i, m' — 9> £*■. may here be 
rejeaed as indefinitely fmall in comparifon of m\ 


SCHOLIUM. 


B 


ECAUSE * \/ xx— 1' -f» x — s/ xx — m 

is found above to be univerfally = sfTTI m _ m X 

x^=-I x 

- - — 6 

2*1 , it is evident, by Infpedtion, that 

* + x/T* -\- i l* 


-. m —2 

2* 1 -f- tn x 


- 4 - * — v/ * * H- 1 


will be = 


—-, T) 

2x1 


• mx 2*| 


' m x X 2 * I * 4 , Gfr. and , 


•+ v/? + r V i 7* 


W — 2 


m * m z ’ ^ r*, &c» (by fubftituting 


‘2 in the ro °m of *, and r r in that of Unity) let r and 

y be what they will: Therefore, if ^ * -f. jn y m ‘~* r 2 -f- 

m 
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* * ^ J '” 4 ' 4 + » X Sfi X ?f s. jr" - 6 r • + m x 

X ~T~ X ~i~^ } r '’ l ' u PP°i' e d equal to fome 
given Quantity c , there will be given JL i r l w 

~ -f- r \ > *ho = c ; and therefore 

+ + r- ^f^Trl” 

-cc} wherefore, the double Redangle of y„_ ^ w 

int °-f ~x/f T^ n being , the Square of 

f+/f + ^'-pi + , 


will be =r 


^ + 4 r zw > and confequently ^' 7v r r J ** 

*T ~~ "7” rr ^ = v /f f+ 4 r“ / " • which Equa¬ 
tion added to the firft gives, 2 x "? ] r r v , « 

T +v/~+rr| = 

f + v/^ + 4^% and fubtraded therefron 


om, 2 X 


^“v/-^ + rr| =c^ K /cc- h 4 r 2m ; whence we 


^■f + v/^+rr = -f + v''^+r' 2 * j", an d 


i—Sf- +rta =T-S^+r> 


and there¬ 


fore y _^ i-L -fr 2 ” j + 7— v/^ + r -r ; 

Which 
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Which may be ufeful and ferve as a Theorem for the So¬ 
lution of certain Kind of adfe&ed Equations, comprehended 

in this Form, viz. y m -\-my m ~ 2 r 2 + y m —\ 


r+, &c. —c : For an Inftance hereof, let the cubic Equa¬ 
tion x 3 b x = h be propofed ; then, by comparing this 


with y m — m y’ n 2 r *, ©V. we have m — 3, y = x, mr 2 

=zb, or rr = —, c-h, and confequently T 

3 2 4 27 




PROPOSITION II. 

0# the Diameter A B, /rw» any Point C, in the Circle 
A C B, whofe Centre is O, the Perpendicular C k be let 
fall, and the Arc AC be divided into any Number, m y 
of equal Parts, as A a, a m , &c. and if the whole Pe¬ 
riphery be alfo divided into the fame Number of equal Parts , 
beginning at the Point a, as ab, be, cd, &c. and from 
any Point P, in the Diameter A B, or A B produced, 
Lines be drawn to the Points a, b, c, &c. I fay y Pa 2 x 
Pb 2 x Pc 2 x Pd % &c. the continual Product of the 
Squares of all thofe Lines will be equal to A O 2 m 
AO”- 1 x 20^ xOP” + PO 2 ”. 

P UT AO s to 1, PO = to *, A P 2 = to TJTs<\ 2 v, 
O k = to b, 2 m = to n, and the Square of any one 
of the Chords A a, A b, A c, A d, &c. equal to z : Then, 
fince any one of the correfponding Arcs A a, Ab, Abe, &c. 
reckoned forward a certain Number of Times, brings us to the 
fame Point C, or, is equal to AC, or AC plus a certain Num- 
G g ber 
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ber of Times the whole Periphery, it appears from the la ft 



Proportion that =± z m =?= n z m ~ 1 =t n x z m ~ 2 ^nx - ~ 
X ~ - z w "" 3 , &c- continued to m Terms, is = A C 2 , or 
becaufe AC* is = 2 + 2^ (ABxA/i) it will be z m 
—. nz m ~ l + nx”-=iz m - 2 — 4 x^z w -3 _; 

=so, let 2; ftand for the Square of which of thole 
Chords you will : Wherefore, the Roots of this Equa¬ 
tion being the Squares of the Chords A a, A^, Ac, &c. 
they mull be all pofitive, their Sum = », the Sum of their 

Products n x of their Solids n x X , &c. by 

common Algebra. Now, if se be made perpendicular to 
AB, we (hall have AP z -f-A* 2 =±APx 2 Aj= Pf* = 

AP 1 + A** =t APx^- = + x ~a?\ which 

in 
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in Species, is Pe 2 -=. v-\-x x~A <?'* : And, for the very fame 
Reafons, P^ = t) + ^xA^, V c 2 + x xP c\ & c . 
therefore the continual Product of ‘y-j-.v xA*z 2 into 
‘u-f-tfxA^ 2 into v-t-xxAc 2 , &c. is equal to Prf 2 x 
P^xPc 1 , But in the former of thefe Products, it 

is evident, that when the feveral Factors are a&ually drawn 
into one another, the Co-efficient of the firfl Term or high- 
eft Power of v, will be i; of the next inferior Power, the 
Sum of all the abovefaid Roots A a 2 , A b 2 , &c. into of 
the next following, the Sum of all their Produtts into x\ 
&c. and, therefore, the Sum of thofe Roots being already 

found = n r their Products = n X &c. we have v m 4- 
nxv m ~ l 4 -nx”-=Z x 2 v m - 2 

+ „ x ^ x i=« x izZ x*v m ~* . +.T+Ttx* m = 

Pa 2 xPb*xPc 2 , &c. Or, by fubftituting for v, its Equal 

I c/5 x T it will be i co * 1 a + n x X l cotfV'"* 2 +«X“ 

x 2 xi co x\ n -± -1- 2 -j- 2 b xx m — P a 2 x P b 2 x 

P^* 2 , tsfc. (becaufe 2 w = «): This in fimple Terms is 


i — n x 4 - n x — # 2 — n X ~ 1 X ^ x K &c. ] 
2 2 3 ' \ 


* + ^- «X~XX I + «x^X^Z3 x 3, Sfc. 


* 

* 


* + 11 x yx x — n x *—T X ^x 3, £?r. 

* * + «X^ 4 X^=iAT3, &c. 

2 3 

6 ?r. 


1 = P* 2 x 
fP^ 2 , GTc. 


-f- 2 4-^X* * 


Which 



( n6 ) 

Which con traded, by adding together the homologous Terms, 
becomes I * * *, &c. Hence it appears, that the Co¬ 
efficients do every where deflroy one another, except in the 
firft, laft, and the middlemoft of the faid Terms j and 
that the middle Term would likewife vaniffi, if inftead of 
2 + 2 bx* m , the correfponding Term of the above Series 
i c nx\ n -\-nxx i coxl or that where the Expo¬ 

nent of a; is m> was to be added ; wherefore this 

Term being n .. into x m ( = 2 x m ) as 

is eafy to perceive from the Law of Continuation, we have 
i +2.bx m + x 2 ’» = Pa*x'Pb*xPc* i & c . or, AO z “ 

+ 20^xA 0 w - 1 xPO w + P0 2w = P^xP^, & c . 
And, when the Point k is taken on the other Side of O, 
Ok becoming __ O k, AO zm — 20 ^xA 0 w_I xP 0 w 
4 - PO 2 w will be equal to P^ 2 xP^ 2 xPf* , &c. 

C O R O L. I. 

I F C be taken at B ; then will O k = A O, and P a a 
xP^ J X Pr l , &c. = AO 2 ” + 2 AO® x po« 
P 0 2m ; where, by taking the Square Root on each Side, 
we have P^xP^xPr, &c. = AO w + PO w . 

C O R O L. II. 

B U T if C comes into A ; then A being — 0 , and O k 
= A0,A0 2 ®- 2 0hA0 ®- , xP0 2 « = p,: * 
Vb 1 , G tc. will therefore become A 0 2m ^ Z AO^ x 

PO” 
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P0 w + P0 i '" == Pa * x Pi 2 x Pc *» Gfa And P« x 
P b, &c. = AO»mPO*. 


C O R O L. III. 


H ence it is manifeft, that if any Circle A B C D, 
&c. be divided into as many equal Parts as there 
are Units in 2 m (m being any whole Number what¬ 



ever) and if in the Radius OA, produced thro’ A, 
any one of the Points of Divifion, a Point as P be allu¬ 
ded any where, either within or without the Circle, 

^AxPCxPExP G,&c. will be = AO w coPO w * 

^BxPDxPFxPH, & c . =AO w +PO w , and PA 

xPBxPCxPDxPE, etc. = A0 2 *w P0 2W . 


Hh 


PROP. 
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Of the Redu&ion of Compound Fractions into 
more limple ones. 


PROPOSITION. 

Jo divide a Compound Fraftion, as —-—■——-- 

into as many Jimple ones as there are Units in p ; fuppojing 
m to be any whole pojitive Number , not exceeding p t and 
the Denominator reducible into binomial Factors .. 

L ET r — x be any one of the given Fadors into 

which the Denominator may be reduced, and let ~- 


'4-D^- -\-txP — 2 


f+g* + h * *+* 


. . . . + ?xP—' 


~ be affumed equal to 


■ j then, by Redudion, we 


• • • • + xP 

frA+rBx+rC^ a +rD^ 3 +rE^+-+ r/**—2+ 

J * _ Ax — B ■**—C x 3 —D x A .—/ 


*/+'£*+ th **+ *'*' +'*■* 4 ' 


. ■fiPx/’— 1 


becaufe r - x > / + g* + * * V «?• = « + * * ■+ * *V ® c - 
Hence, by comparing the homologous Terms, we get 

A = =£, B = =£-^, C-=$ 

laftly r, or rP = ^ 

wherefore +grj -)- hsr* ♦{- ,J r3 4- ^* r4 .... + 

*v r m 

t?rt~~'=vr and, = /r+i , >+ir3+ ,-,* +(M 

But, 


> 
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But, becaufe r—x xf-\-gx-+-h*x-\- ix 3 .... -f P — 1 
js = a + bx -\-cx z + d x * . Qjc p ~~' + xP we 

rf-\-rgx-\-rbjL 7 , -\‘rix* . rVxP 1 * 

* —f x — gx* — bx 3 — i x* .— ?xP 

— a —b x — c x* — dx 3 — t *♦. QjcP — 1 xP 




and therefor ej = ,g=-^ +±, (,= ^. + J. + .jL > i= 

b . c d , ~ « b e 

rP r P 1 77—2 


and P = 


C#c. Whence fr z=a> gr 2 = a +br, h r3 = a -f- b r -her 2 , 
ir+=za-{-br-±-cr 2 -[-</>* 3 , &c, and Pr^ = j-f.^r 

+ ^r 2 +</r3-f ^r4., .. Q^rP— 1 • wherefore (by adding 
all thefe Equations together) there will b efr-+-gr 2 _p h r* 

.. . . -f- P r?~pa -j- p —i X br -+- p —2 xcr 24 - ~p —3 
X dr* .Qr^- 1 5 which laft Value being fubftituted in 


that of s t gives s =-- - — -.1— -—- 

pa+p—iXbr+p—zXcr'+p—sXJr 3 ....QrP—' 

for the Numerator of one of the required fimple Frac¬ 
tions; whereof the Denominator is r — x •, from whence, 
by Infpe&ion, the Numerators anfwering to the other 
given Fadlors or Denominators are ealily obtained : For # 
if R — x , S — x y T — x y &c. be the faid Fa&ors 

into which a + k-x + cx % + dx* . <\xP~ l 

H- ^ is reducible, or R —-x xS-,vx T— x,&c, be =a+bx-j~ 
c * 2 , &c. And — -= — - --—— 

P *+/- >X^ H" p 2X <■ R 1 +/>—i X^R 3 ... Q.R^ 1 


be put = A,-—----=B 

/«+/—* XtS+p-zXc S a +/—3X^S 3 .... Q$P — 1 


&C. 
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&c. &c. it is evident, that - , -: will be 

a -+■ b x -f- c x a -{- d x 3 . .. . x * 

A A*vR m , B-wS* , CvT* 

equal to + -7—p, &c. £^E. I. 


EXAMPLE I. 


T ET the Fradtion -±— T> =-= =JL^._ , bepropofed. 

Then will a — 2, b — —3, 1, d=o, ^ = o, Gff, 

v = i,p-2, m-2, R=i, S=2, T=o, Gfc. A = x, B = 
—and therefore — — * ■ ^ = _J_L. 

2 3 Ar "r x 1 —at 2—,* * 

EXAMPLE II. • 

I F the given Fraftion be— ^Z! — . then, bycom- 

paring a + b x+ cx'+ dx* .Q*/— + xt with 

j^zkx- +*-, we.have 4aJj the Coefficient 

of the middle Term = =± z t, and all the reft except the lall 
=0 ; wherefore A (—- — - - 1 \ 

pa+p—i Xbr+p — zXcr* ... .Qjp— J 

will in this Cafe become -- 1 _ # B s 1 

znXlzZ.br 1 z n X i b s n 


A 
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A General Quadrature of Hyperbolical Curves. 


PROPOSITION 


‘There are two Curves AC, H D G, having the fame com- 
mon Abfciffa A B (#) whofe Ordinates B C and B D are 


x « + r—i 


.^*»+**»* and To fi” d tbe »f 

each; fuppofing r and n to be any whole pojitive Numbers, 
and the Denominator i =± dx n x 2 ” not reducible into 
two binomial Factors, 



L ET n be taken in r as often as pofiible, and the Remain¬ 
der be denoted by m ; and let A * ' — * -f- B ^ 


Cx^K. .&X 2 *+ m + lx* + m 4 - sx m 4- 

X z *—Jx n +V 


be aflumed 


ex 


n — r 


* Zn —dx n + \ 


; c being any given Quantity: 
I i Then 
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Then,* by reducing this Equation in- 5 + A 7 . 

to one Denomination, we (hall have (—, c ) 



therefore A — c, B — A, C = </B — A, D — ^ C — B, 

E == dD — C . t = ds —/, v=: — s. 

But, now in order to conftrudt thefe feveral Co-efficients $ 
with the Radius j, and Centre O, Fig . 2. let the Circle AB be 
deferibed ; take O k = \ d, Ck perpendicular to A B, meeting 
the Circle in C, and the Arch CBU to the Arch AC, as 
r — m to n ; and let the fame be divided into as many equal 

Parts as there are Units in , at the Points R, S, T, &c. 

and let c be now fuppoied — Ck-, then will Ck, Rr, &c. the 
Perpendiculars falling from thofe Points on the Diameter A B, 
be equal to the faid required Co-efficients A, B, C, &c. re- 
fpedtively : For, fince the Arcs AC, C R, & c . are equal, 

by a well known Property of the Circle R r (B) is = 
xd (=</A), ~Sj(C)= 2 °|y . Rr . -Ck(= dB- A), 
— Tt (D) = i 2 i£=±-Rr(,= dC — B)&c. Hence, 


we 
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we have f **+'_ -Ckxx r -’ 4- Rrx* f 2 " - 

„ r-J. Tf ., fT »» + U-’X»»+”-T<X- ^ 

Six* .— irxx 1 - 2 „ 


and therefore 


.—Jx n +x nz cx 

Ssxx r ~*\ &c. 


= -±- into Ckxx r ~~ n + Rr X 


X U,X* S + W -T/X- 


j—rfjri + jr - 


, . r., . __CkXx r - n . R SiX* r -3* 

whole Fluent, or - r _„x 7 - r-mxc -i^F^Xc 

—T*x*g. pi u$ t h e Fi uent c f x 

• ••••••• m c * * c x 


u-,x*” + ”+T<y*” ’ f w iH give the Area in the firft Cafe. 

And this Method of Solution, it is manifeft, will hold 
equally, when the fecond Term of the Divifor is pofitive, 

or the given Denominator I + dx 11 + x Zn > if inftead of 
being taken towards A, be taken at an equal Diftance on 
the contrary Side, the Center from O towards B. But 

now to find the Fluent of ^£ 7 +*,, * from which 

that above-named will be obtained, take A a to AC, as 
i to n t and OjP=X; and beginning at the Point a, let 
the whole Periphery be divided into as many equal Parts, 
ab, be, cd, &C. as there Units in letting fall the Per¬ 
pendicular a m, and putting b — \d (= O^) and Om = 

then, becaufe P * »* P b 1 x P is = i — 2 b x n + a* 2 % 
(as is proved in the Proportion preceding the laft) and be¬ 
caufe i— 2fx + xx (—Oa* —2OWXOP + OP 1 ) is 
Y> a 2 we (hall, by feigning 1 — 2 f x + x x equal to No- 
* thing, 
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thing, get /+- s/fj—i—x, and f—V ff—i—x for 
two of the (2 n) imaginary binomial Factors into which the faid 

Quantity 1— 2bx n -\-x zn y or its Equal f-by/ff— 

X f */ff —1 — x X & c + 1S reducible : Wherefore, 

if / + be put = p t and /— y/ff—T-q, 

then will —-?■—— - > and - — q —r — , by ths 

2 nXi—bq n Xq — x 

laft Propofition,. be two of the fimple Fradions into which 
_——I- may be divided ; thefe being added toge- 

i- z bx n +x 3 ‘ n 1 * 

ther (to take away the imaginary Quantities ) give 
p*n lf + q ’ n p—xXP m + <i m —t’Xt m 1 ,l+l +7 m f+'+bxXp M l”+q m p v 
2.8 into + ? * + bb f n ?* into p—x X q—x 

which, becaufe pq =jf 4 * >/ jf — 1 —lis=i, 

will be 

+^'+'— + a,., fav 

2 n into i -f -b b — ^ X / ” + i nt0 1 — zf x-\-x x 

But, fince is the Co-fine of the Multiple Arch 

AC (= nx A a) and iJ — that of m x A a, &c . as is 

manifeft from Page 109. if A H be taken = wxAj, and 
A /- 7 xAtf, and am be put =£, H£ the Sine of 

A H = G, and O h — F; our Expreffion will be thus exhibited, 

Cof. of A f — x F — by Cof of C f-\- bxX Cof. C H ^ as A J-J 

nc c X * — */■*+ * * 

A a is = AJ , AC — A H — C H , &c. we have by the- 
Elements of Trigonometry the Co fine ot A f F f G^ 

Cof. of CH = b F + c G, and the C>f of C ^ G f b fF 
•+ 4 jG~-cgF j and therefore our Expicflion willftand thus, 
Kk Fj 
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■ r/+Gr-*‘/r —+ + Tj]]7x_* . 

flf cX I — 2/V + jrjr * 

where, by fubftituting i—cc inftead of b b, it is. at length. 


reduced to </ F +*f r-K* o-*/G+»X* G 

CflX I -zfx-\-xx 


And this drawn 


into x y is one of the n rational Fractions, (whofe Denomi¬ 
nators are cnxYa'y cnx'Pb 7 -, cnx?c\&c. ) into which 

the Quantity —1 -i-, whofe Fluent we are feekine, 

may be divided. Now, therefore, the Fluent of - * _ 

I- 2 /X+XX 


being y-(P^O) or, -L 


into the Arch meafuring 


the 


Ande P a O, and that of —dJL— , 

° l— 2 /X-\-XX * 


equal to the fame 


Arch into , plus (A O : P a) or the Hyperbolical Lo¬ 
garithm of the Fluent of 


c/V + 6gb'+ cgG — bfGXx+bG — cFXxx t ^ at f .1 r 
c*X 1 — 2/x + xx -> inaC 01 tn01e 

Fradtions whofe Denominator is cn x P a*) will 
be = -r'rx (°* :p “) (P.o), or. 




H h . „ 
into 


(Ptf O) : From whence the Fluents of the reft of the 
Fradlions, which make up the required Value, whole 
Denominators are ncx P 3 2 , «cxP d* t &c. are deter¬ 
mined , by Infpedtion, fince the Manner of Conftruc- 
tion muft neceffarily be the fame in all of them. Next, 

from hence to find the Fluent of —• For the 

x — zbx n + x 2 n 

very fame Reafon that AH was taken = mXAa in find¬ 
ing 
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ing the Fluent of-, let A H be (now) ta- 

ken = m + n x Am, and let Hb be perpendicular to AB^ 

1 1 n H^XOi — Ob • t /fN p \ I OkX Ob . H b 
then Txcl — int0 \° a 1 F *)> + nxOk~ + “ 

into (PtfO) &c. &c. &c. will confequently be the Va¬ 
lue fought j but AH — AC being = A H, H £ x O £ — 
C k x — O b will be A O X H b, and —* OixO^ + 

X Hi = 0 /&xA 0 , and therefore the faid Value equal 

t0 Mi (°* ■■ p *) +776 ( : Ptf0 ) <*. ^ 


Now, from the two foregoing Fluents that of X 
is readil determined . and, if T Q_ 
be taken = mxAa, or ACQ^== -1 xAC, and Qj? per¬ 
pendicular to AB , will come out = (O a : Pa ) -f- 

(Pa O) Gfc. £?c. that is, if, for the fame Reafbn 

that T A Q^is made = m x A a, T A QJ)e made mx Afr } 
TAQj=wxAr, TAQ = «xA</, or Q^L= Q^L== 

ao^> &c = mxa b, and the Perpendiculars QJh, Q^, &C. 
be let fall on the Diameter AB, it will be 





* X 


into j 
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Qjt (0 a : P«) + Q« ( P«6)] 
Q« (OJ ’• ?b)-~ 0 n ( P*0) 

—Qi (Oi : PO + On ( PfO) |^' 

Qji ( O d : ?d) -f- O n (—P<f O ) 

—Qj(Oe s P,)_0»(-P^O) 

£jv. 


niy „ r—n 

This therefore added to r _, x --b 


Rry/- 2 " 

r—2»Xf * 


8 V. 


continued ’till the Denominators become nothing or nega¬ 
tive, (as above found) will be the required Area in the firft 
Cafe, But for the Area in the other, where the Ordinate is 


*” r —! -, let X be put equal to or y = -j- ; 


P J X "+X 2 


-rO n + y' 


and *=-— * 


then 

and 


therefore Y ” - —, or the Fluxion of the propofed Area 
1^**4- * 2 " 

ABDHEA, equal to . - > ” +r ~ -' — , and confequently 

1 z*dy H + y ZH 

that of BFGD equal to ■ which Expref- 

lion being the very fame in Form with the Fluxion of 
the Area A B C ; it is manifelt, that if P, > n A* fore¬ 
going Conftru&ion, inftead of being taken at the Diflance 

* from the Centre, be put at the Diftance ( = y) 


therefrom, as at P, and the Signs of all the Indices of x 
be changed, the Expreffion Ihewing the faid Ar^a ABC, 
will give that of BFGD, or the Value required in this 
LI Cafe 


( * 3 ® ) 

Cafe : Which therefore is — S -^~> 

&c. into P !us J>rc7 int0 Q>« (<><r : Pa) + 

On (PaO) &V. &c. Bat OP (*) being to O a (I), 
as O a to O P (_L ), the Triangles OP^, and Oat, 

will be fimilar, and therefore the Angle P a O = O P a, and 


O a: Pa, OP : Pa, fc?c. wherefore the faid Area will be 

Ck , r rv at w into 

r—n ' r — zn r — ^n Ck 

Qjt (OP : Pa) •+■ On ( OPa)*] 

Qjz (OP : Pi) —O# ( OPi) 

_<ii (OP : Pc) + O'n ( OPf) 

Qj (OP : ?d) + On (-OP d) 

—Qj (OP : Pf) —. On (-OPr) 

&c- (Sc. 

^ E. I. 


P lus 'rhn into 


C 0 R 0 L. I. 


H ENCE the Area of a Curve, whofe Abfcifla is x, 

»-l" r — 1 

and Ordinate - ; -ri may be eafily 

g 2 n ^tg”— 1 dx n -\-x zn 3 

obtained : For, let the Radius of the Circle A B, now be 
denoted by g, the reft as before; then, fince every Term in- 
the required Area muft confift of the fame Number (r— n) of 
Dimenfions, by fubftituting the feveral Powers of g for thofe 
of AO, or Unity in our former Area, it will become 
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jr'—'. RrXf**— 1 * _ S/Xjf*»«—»» j.*'*' 

~CT~ ,nt0 — ■+■ - vi TV-7=3? ' ^ + »XT> 

into Qjj (O « : P «) 4- O «■ (P # O) + C 3 c. ( 3 c, for the 
Area in this Cafe. 

COROL, II. 

H ENCE, alio, may the Area of a Curve, whofe Ab- 

fcifia is z 3 and Ordinate -- 1 - 1 -_ where 

p denotes any Number a,t pleafure, and r and n as above, be 

£ 

eafily derived: For, putting z 71 = x, a n =£, and d—fx 

2 __I _ 5 -_ X . _ 

a n , or fzzdxg * , we have z z p 1 = 


~p + *. P~ l z 


c» + r — I . 


»' *—-I ■, _ r — 

ana 2 * *—\ p . 2 p 2» »—\, », 2# 

t a -J-S *r g zHg dx -f- x 

wherefore, if in the foregoing Area, anfwering to the Ab- 

x n -\r r —* 

feiffa x, and Ordinate ---- ' ———-—, thefe Values 

g Zn ^dg H l x n +x 2n 

of d, g , x j be refpedtively fubflituted, and the whole be 
multiplied by —, it will become the Area in the prefent 


-XP-p 

Cafe, which therefore will be n JL n _ into — -f 

/ X C k r—n 

Rr ^:~ + ~ SsX rl\ P : Z2 ~> continued ’till the 
Denominators become nothing or negative. 
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) 






• Qj> 

(OA : 

Va) 

+ 

0 n 

( 

P j 0) 



(OA : 

p/>) 

— 

On 

( 

P^O) 

2-XP--P 

-Qi 

(OA : 

Pc) 

+ 

On 

( 

PcO) 

+ %xc* 

(OA : 

Pd) 

+ 

On 

(- 

-VJO) 


-Qi' 

(OA : 

Pe) 

— 

On 

(- 

-PfO) 


i. 

&c. 





&c. 


Where, according to the foregoing Conftrudtion, AO (hould 

JL 2-—i 2- 

-a n , Ok=ifxa n , and PO - z ” ; but fince each 

Term in the Area, when adtually divided by the common 
Divifor Ck y will be affedted both in its Numerator and De¬ 
nominator by one fingle Dimenfion or Power ot Lines exhi¬ 
bited in the Circle, whofe Ratios do not at all depend on 
the Magnitude of that Circle, it matters not, whether 
AO, Of, and PO be taken exadtly equal to thofe 
Quantities, or to others in the fame Proportion, as 

_ L 

a , £/, and — " X*, or i, i£, and * , provided 

the reft of the Conftrudtion be retained. The like will 
hold in the Area of the Curve whofe Abfciffa is z t 

r 

and Ordinate -- , which by proceeding 

in the fame Manner, from the fccond Cafe, will come out 

-^Zll+1 i„ £L + 

p x c k a 2 p r —* r 2 ° 

till the Denominator becomes nothing or negative. 


M m 


+ 
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qj* 

(OP: 

Pa) 

+ 

On 

( 

«PO)T 

a« 

(OP : 

Pi) 

— 

On 

( 

B PO) 


(OP 

: Pc) 

H- 

On 

( 

(PO) 

V, 

Qi 

(OP : 

: Pd) 

+ 

On 

(- 

-d PO ) 

-c in 

(OP 

: Pf) 

— 

On 

(- 

-*PO) 

. &c. 






&e. 


Hence, to find the Area ABC A of a Curve, whofe 


P 4 " ~~n P — ^ 

Abfcifia is *, and Ordinate ——^---, , or the A- 

rea BFGD of that whofe Abfcifia is z (= A B) and Ordinate 

r 

zf> 77 * (fee the foregoing Fig.), we have thisCon- 

»>+**' 

ftruaion. From the Centre O of the Circle ACB, whofe Ra¬ 
dius is = i, take the Point k in the Diameter AB, towards A 

or B, according as the Sign of fa p ~~ l z p is — or -f-, fo that 
Ok may = and draw the Perpendicular Ck to the Point 
k in that Diameter, meeting the Circle in C ; make A a to 
A C, as i to n , and A C Qjo A C, as r to n, and C R, 
RS, ST, &c. each equal to AC; and, beginning at the 
Point a , let the whole Circle be divided into as many equal 
Parts as there are Units in n , as a b, be, cd, &c. take 
p / 

OP = X' ”, and each of the Arches 
* I # 

&c. = the Arch a b into the Remainder of r divided by n, 
and draw Pa, O a, P b, Ob, &c. and the Perpendiculars R r, 

S s, T t, &c. Q^Jy Qj?> Qj 7 , &c, to the Diameter A B; 

then 




then will the Areas be refpedively a, above exhibited. 
And it muft be obferved, that this Solution holds in all 
Cafes where / is lefs than 2 a, and r and « whole pofmve 
Numbers. 


Note. That (OP : P ) is put to denote the hyper¬ 
bolical Logarithm of , and ( * P O) the Meafure of 
the Angle aPO in Parts of Radius or Unity; the like 
is to be underftood of any other. 
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SCHOLIUM. 


T H E above Solution being fomewhat intricate, others 
by infinite Series, where they will converge, may 
be thought preferable j but as the greateft, if not the only, 
Difficulty in what has been here delivered, lies in finding 


the Fluent of 




it may 


i — z bx n + x 2 " i— zbx” + x 2 

be proper ( before any thing is offered on this Head) to 
add a different Method whereby the faid Fluent of 

- *— —-—, may, in the Form it ffands above, be more 

X-2bx”+X n ” 

eafily inveftigated. 


In order thereto, the firft Conftrudtion of the Points 
C, R, S, &c. a, b , c , &c. &c. being premifed, let the 
Sines of the Arches AC, A a, Ab, Ac, be called 

B, C, D, E, Gfc. and their Co-fines b, {c, \d, {e , £?r. 
refpedlively : Then, becaufe i —cx+xx is = P a 2 , i —dx 
-f-xx = P b 2 , i— ex-\~xx = Pc 1 , &c. and Pa 2 xPb 2 X 

P c * X P d 1 , &c. =i — 2 b x n -\r x zn , it follows, that the 
Sum of the Logarithms of I— cx+xx, i—dx + xx, 

&c . muff be equal to the Logarithm of i — 2bx n -f-x 2 ”, 
and therefore ... 2XX - ~~ CX - h- 2 x x J Cfc.the Sum of their 

Fluxions = -> l ^ e fluxion of that Lo- 

I — Zb ” + x 2 n 

garithm. Hence, by taking each Side of the Equation from 

iLJ, and dividing the whole by x, we have 

+ 
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, 2 —Jx- a?.* _ 2" v ' ._! — tfl —this Equation be- 

+ — V ~ + T> gt; - ~~ I _4x” + ^' 1 

ing multiplied by x”, and the former by -r, and the 
Produfts added together, there will be b into —^ 

&c. + x 

i — dx-\-xx* 1 


2 x — d 
ix+i 

, 7ZTb*inx n — l \ „ _ Now.. to reduce 

l 1—2***+***' I _ 2 A*»+* 2 " 

»—i v - — &c. to lower Dimenfions ; 

Let Ax"”” + B *" -5 + C*~* • • •: • **• + I* + i 


into - 2 ~7- + - t -'.*-, &C- 

I — cx~\-xx * 1 — Ux-^-xx 


+ aflumed = 


X 2 —- C X 


x—cx-\r v 


1 —CX + ;» 


Sc*”-**-' ; then, by bringing the Equation into one 

Denomination, and equating the like Terms, we ha\e 

k = \c, B = eA— 1, C = cB — A, D = fC —B, &c. 
and v — — r: But, thefe Equations, it is manifeft, (from 
a known Property of the Circle) likewife exprefs the Rela¬ 
tion of the Co-fines of the Arches A a, 2 A a, 3 A a, &c. 

therefore (A = i C) being the Co-fine of the firft of thofe 

Arches, and B that of the fecond, the Values of C, t>, E, 
&c. which entirely depend on thefe, muft confequently be 
equal to the Co-fines of the reft of thofe Arches refpec- 

tively ; and therefore it equal to the Co-fine of n X A a, 

and — v — that of n —1 x A a. Wherefore, if Ax H- 

N n ® 






Bx” -3 -t-Cx 


■4 
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, , . . kx z / AT -f- i + 


•i . •> 

_/ * -f v _ 

xx — dx + x * 


be, 


in like Manner, afliimed =- x 


xx—dx+ i 


and 


Ax 


*“ 2 + B /" 3 -f. Cx*~\ &c. _ __L x ** ’ X2 - w 


XX - *X-\- 1 


&c. &c. it follows, for the very fame Reafon, that A, 

B, C, t, — v, will be the Co-fines of the Arches A b, 

2 A b, 3 A£, nxAb, and «-ixA^, and A, B, C, 7 , 

v, thofe of A r, 2 A c, $Ac t nxAc,n — ixAc. &c. 
£fc. refpedtively ; and we lhall, by adding together the 

faid Equations, have-*-x*”~~*x 2 - ~7 —~ d ! c 

* 2 I—~ I— ** 

£fc. = x n ~ z xA + A-h A, Gfc. 4- X w —3 xB+B + 
B + B, f? f .+*- < xC + C + + 

-j - But » A, A, A, Gff. being the Co-fines of the 

Arches A a, Ab, Ac, &c. and therefore the Roots of an 
Equation, exprefling the Relation of the Co-fine of an Arch, 
to that of another Arch n times as great, wherein the fecond 
Term is always wanting (vide p. 106.) their Sum muft there¬ 
fore be equal to nothing, by common Algebra ; which is evi¬ 
dent even by Infpe&ion, when n is an even Number; for, 
then every one of the Points a , b , c, &c. above A B hav¬ 
ing another Point, of the fame Conftrudion, diametrically 
oppofite to it, the Sines, as well as the Co-fines, anfwering 
to thofe Points, mull be equal and contrary, and therefore 

dellroy 




deftroy each other. In like manner B, B, B, GV. being 
tETCo-fines of 2 Ad, 2 A b, 2 Ac, &c. or the Roots of 
fuch another Equation, they muft alfo deftroy one another, 

&c. £?f. Hence our Equation is reduced to — \ x"' 1 x 
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or AC, / that of;; x A hot ABC, 't that of n x A c or ABCBC, 


&c. — v = that of n — ixA^, — v= that o \~n—i xA^ 
&c. we Save t ac / = /, fcfo = Ok = b, and v = _B C 


-7-> v = — BD-7-, (sfc and therefore-^ 

2 — ex ■ _2"^~ _ b x — KC — lbc t £.*■—bd — i £ 

j—CX-J-X.* l—* I — CX-fx* 


<*• or *—'X .J.4*" 


r^TT+TT- + Off. 

b c + 2 BC — 2 . b x bd-\- 2 B I) — 2^ . 

1 — cx-\-xx *" i — dx-\-xx * ^ * which being 
fubftituted, inflead thereof in x *’” 1 x c \ — fife = 

2 1— cx + xx > v ‘” 

1 

1 — 2 


(as abovefound) and the whole divided by 


2 B, we (hall have - ■ . H--1- 1 .— 

+ /H-~’ ec ‘ ~ 7~n^T, * and » confequently 

_ Cx ” D* w , 

t_ 2 **" + ** 2 !-<* + ** 

F 


i— dx-\-x 


i—*x+xx 

Y *tfc. Let now J\x m ~ z + B * w ~3 j c^-4 

j— fx\xx* 1 ~ 

: .... lx + s -f-be adorned = — —~r ; then, 

by Reduction, &c. we fhall get A = C, B = c A, C = c B 

—A, D = c C—B, &c. &c. where it appears, from the a- 

fore-named Property of the Circle, that A, B, C, .. . . t, 

*—v> are the Sines of A a, 2 A a, 3 A a, x A a, 1 

A a 
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A a refpe&ively. Hence, if A x m 2 + B x m 3 + C« a 4 

/v. _l s 4- tx +' v — be put = ■ P * t — , it is ma- 
. / x T * *+■ xx — X d- f 7 uc r ul .vA*—-vi * 

nifefl, that A, 13 , 6- t, — v w ill be the Sines of A b t 

2 A b, ^Ab . . . . mx Ab and m —i xAb refpedively, 

&c. Therefore, as it is evident from the above Reafons, that 

A -f- A, and 6 + B, &c. and C -f- C , &c. 

n B *■* 4’**— 1 

muft all be equal to Nothing, we have —■--- n - = 

*• X S>ne of mXAa —Sine of rn—iXAa . .vXSine of mX&b —Sine of m—i X A£ 


x X Sine of mXA.a —Sine of m—iX^a . A-X^me ot mXM — s ine or m— \ * 

“ I —cx + xx ' l—dx + xx 

&c. which, bccaufe AH is = m x A a (by Conftrudion ), 

II l>X-v —Sine(A H — A ■ 

will become-—-——— r= 77 T *77 > 0<r * 

i— ibx n + x zn ^ 

_ H^x*+a«XQ|-H^xQ»» # Wherefore, the Fluents 


of and -J+ — bein s ( p * : °*) + ^ 

(PjO) and (YaO) refpe&ively, that of 


H h Xxx -f* m x u b — h * X o » X * ^ or its Equal 

«BXt — c* -J- xx 

v »+* — i * mu ft C onfequently be = ( P^ : Oa) 

X*- 2 bx” + X Zn 

. 2 L ^ P # O 7 (Sc. &?<*. which is the very fame as was 
before found. 

Having thus far effeded what was propofed, it remains 
next to lay down a Method for finding the aforefaid Areas 
ABC, B F G D, in a more eafy Manner, by Approximation 
O o and 
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and infinite Series, when that can be done. In order to 
this, the foregoing Condru&ion of the Points k> P, and C, 
being dill retained, let CR, RS, ST, TU, &c. be each equal 
to A C, and R r, S s, T /, &c. perpendicular to AB. Then 


Will - into ~p~ + + - 

pa z PX Ck r ^ n r + 2» 


—T a 

r + 4« 


a 3^ 


+ 


u^xz 4 ^r 4P 


r + 3" 


r + 5 * 


, &c, ad infinitum , or 


-p—p 


into 


i RrX*_: 

; — n ' r — 2 « 


-s *x*- 2 *»*t 


, &c. 


r — ” ’ r 2 n r — 3* 

be = A B C A, or the Area of the Curve whofe Abfcifla is 


z , and Ordinate 


J+n*P -« 


•; and 


into — + E’-**** ■■■ 

^—» r — 2 h 


nz P ~~ ” P 

z P^fJ— l zP+* 2 t ' p* 2f X Ci 

— Ssz 2 t > a~ 2p , —T tX* iP «~* P 


r— 3* 


or 




r -«- B —rqpr^— ‘ —rqFT«— 

—’ Ttx ^~~ lP ^ p , Gfc. = B F GD, or the Area of the Curve 

' + 4* 


whofe Abfcifla is z, and Ordinate 


P —— i 




The Reafons whereof, from the former Part of the fore¬ 
going Solution, will appear manifed. 


FINIS . 
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